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We show the 2-Local Stoquastic Hamiltonian Problem on a 2D square lattice is StoqMA-complete.
We achieve this by extending the spatially sparse circuit construction of Oliveira and Terhal, as well
as the perturbative gadgets of Bravyi, DiVincenzo, Oliveira, and Terhal. Our main contributions
are demonstrating StoqMA circuits can be reduced to being spatially sparse and that geometrical,
stochastic-preserving, perturbative gadgets can be constructed. The reduction to a square lattice
follows a similar structure to the work of Oliveira and Terhal.

I. INTRODUCTION

The computational complexity of determining the ground state energy of a local Hamiltonian is a central problem
in quantum computing. It is well-known that the general Local Hamiltonian Problem is QMA-complete, making it
intractable for both classical and quantum computers [1]. Interesting variations of the problem have been extensively
studied, including geometrical restrictions [2–6], sign restrictions [4, 5], specific Hamiltonian types [7–9], and commuting
variants [10–15]. Many of these restrictions play an important role in modelling physically relevant many-body
systems, especially those that are geometrically local. In this work, we address how the complexity of the Local
Stoquastic Hamiltonian Problem is affected by imposing geometrical constraints, specifically on a 2D square lattice.

Stoquastic Hamiltonians, a class of Hamiltonians with non-positive off-diagonal elements in the computational basis,
are of interest since they avoid the sign problem of Monte Carlo simulations [16–18]. This makes them candidate
systems for Monte Carlo methods [19–23]. Additionally, stoquastic Hamiltonians can be used as a gateway method of
‘curing’ the sign problem other, more general, systems may exhibit [22, 24]. The complexity class StoqMA, which
captures the decision problem of finding the ground state energy of stoquastic Hamiltonians, lies between MA and
QMA [7, 8]. An aspect that makes this class interesting is that we do not yet know amplification procedures for
the completeness and soundness parameters that require one copy of the proof state [25–27]. Important conjectures
have been made with respect to StoqMA’s containment in MA under certain amplification procedures [25]; one such
example is that StoqMA1 (StoqMA with perfect completeness) is contained in MA [26].
Previous work by Bravyi, Bessen, and Terhal demonstrated that the k-Local Stoquastic Hamiltonian Problem is

StoqMA-complete for k ≥ 2 [8]. This result was achieved using a circuit-to-Hamiltonian construction similar to the
Feynman-Kitaev framework [1], showing that locality beyond two does not affect the problem’s complexity. Moreover,
it was also shown that the 2-Local Stoquastic Hamiltonian Problem is MA-hard, further supporting the connection
between stoquasticity and classical complexity classes [8].
In this work, we address this gap by considering 2-local stoquastic Hamiltonians constrained to a 2D regular

lattice. We show that the MA-hardness and StoqMA-completeness persist even under these geometrical restriction in
qubit systems. This is achieved through a perturbative gadget construction that allows for locality reductions while
preserving stoquasticity. Our work extends existing techniques, particularly those from Ref. [2] and Ref. [8], to enable
the subdivision of interaction edges while maintaining the locality of interactions. This approach not only expands
the scope of stoquastic gadget constructions but also provides new insights into the complexity of local stoquastic
Hamiltonians on lattice geometries.

Additionally, we discuss a parent stoquastic Pauli Hamiltonian that is naturally StoqMA-complete. This Hamiltonian
is defined by a term-wise stoquastic construction where each term represents a 2-local Pauli interaction. A notable
restriction of this Hamiltonian is the transverse field Ising model [4, 28], making it a candidate for complexity
reductions. While certain restrictions of this Hamiltonian are known to be contained in StoqMA, it remains an
open question whether these are StoqMA-complete, a problem that could be approached through careful gadget
constructions.
This work opens several avenues for future research. For instance, it is worth investigating whether specific

stoquastic Pauli Hamiltonians on 2D lattices, such as the transverse field Ising model, are StoqMA-complete. Another
intriguing direction would be to explore the complexity of the antiferromagnetic Heisenberg model on bipartite lattices,
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a problem which still is only known to be in StoqMA [4, 28]. Furthermore, we raise the question of whether the
graphical structure of a local stoquastic Hamiltonian can be exploited to construct a guiding state [29]. Can we reduce
the degree of a planar graph representing a local stoquastic Hamiltonian to three while maintaining the problem’s
complexity? These are significant open questions that arise naturally from our work and point to rich potential for
future developments.

Prior Art. During the construction of this manuscript, another work from Raza, Eisert and Grilo [30], titled
Complexity of geometrically local stoquastic Hamiltonians, was published online. This work is also concerned with
understanding the complexity of geometrically constrained stoquastic Hamiltonians. Their work provides a more
direct embedding of MAq circuits to geometrically local stoquastic Hamiltonians rather than a perturbative gadget
reduction. A consequence of their construction is the increase in particle dimension — this occurs due to the presence
of Toffoli gates that are not 2-local when the dimension is 2. Their results show qudits of dimension 14 are MA-hard
and also StoqMA-complete when restricted to a 2D lattice [30, Theorem 1, Corollary 4]. Since we utilise the spatially
sparse construction of Ref. [2] and the perturbative reduction outlined in Ref. [8], resulting in 2-local stoquastic
Hamiltonians, we are able to maintain the particle dimension of 2. The results of Ref. [30] provide an interesting and
different perspective on the complexity of stoquastic Hamiltonians. Their conclusions do not conflict with the results
of this work.

Outline. In Section II, we introduce the necessary background and definitions, including the definition of the
class StoqMA. We then summarise the technical contributions of this work. In Section III we review the appropriate
Feynman-Kitaev clock construction necessary for stoquastic Hamiltonians, both for the classes MA and StoqMA, this
establishes notation and intuition for the subsequent sections. We also discuss and define a spatially sparse graph
construction, then proceed to prove the StoqMA-completeness of the 6-Local Stoquastic Hamiltonian Problem on
spatially sparse graphs. Section IV outlines and summaries the preliminaries for the perturbative gadgets used in
the reduction of the 6-Local Stoquastic Hamiltonian Problem to the 2-Local Stoquastic Hamiltonian Problem. We
then introduce new perturbative gadgets required for the geometrical reduction in Section V. Using the tools from
the previous sections, we prove the StoqMA-completeness of the 2-Local Stoquastic Hamiltonian Problem on 2D
lattices. Finally, in Section VI, we discuss a parent stoquastic Pauli Hamiltonian that is naturally StoqMA-complete
amongst other Pauli Hamiltonians that fall into the stoquastic regime. The appendices contain various technical
proofs concerning: gadget applications — in Appendix A, Appendix B and Appendix C, and circuit mappings — in
Appendix D and Appendix E.

II. PRELIMINARIES AND TECHNICAL SUMMARY

For brevity, we will omit identity terms and the operation ⊗ in tensor product strings; for example, A⊗I⊗B⊗I = AB.
Let the Pauli matrices be denoted as X, Y and Z. The Z-basis refers to the computational basis of qubits — the
eigenbasis of the Pauli-Z operator, {|0〉 |1〉}. The X-basis refers to the eigenbasis of the Pauli-X operator, {|+〉 , |−〉}.
A k-local Hamiltonian on n qubits, H =

∑
j Hj , is a sum of local terms Hj where the term acts non-trivially on

a subset of at most k qubits. We assume ‖Hj‖ = O(poly(n)) and each Hamiltonian term can be expressed using
poly(n) bits. A given local Hamiltonian admits an associated interaction (hyper)graph G = (V, E). At each vertex of
the graph lies a two-dimensional Hilbert space, C2, representing a qubit. Each (hyper)edge of the graph represents a
local interaction term between qubits and will only contain those qubits acted on non-trivially by the Hamiltonian
term. Fig. 1 demonstrates how we will visually represent a 2-local interaction edge between two qubits, u and v;
where appropriate, the subscripts will be omitted.

u v

AuBv

FIG. 1. A pictorial representation of an interaction edge. The labels u/v either represent single qubits or a set of qubits. The
term AuBv represents the local interaction between u and v.

Definition 1 (Local Hamiltonian Problem). Given a k-local Hamiltonian H acting on an n qubit system with
parameters a, b ∈ R such that b− a ≥ 1/poly(n), determine whether λ0(H) ≤ a or λ0(H) > b promised one is true. �

Local stoquastic Hamiltonians are a subclass of local Hamiltonians, with each term having non-positive off-diagonal
elements in the computational basis.
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Definition 2 (Stoquastic Hamiltonian). A Hamiltonian on n qubits is said to be stoquastic if, in the computational
basis, 〈x|H |y〉 ≤ 0, for any x 6= y where |x〉 , |y〉 ∈ (C2)⊗n. �

The Local Stoquastic Hamiltonian Problem is defined analogously with the additional restriction that each
interaction term is stoquastic. The Hermitian property of Hamiltonians implies the off-diagonal and diagonal terms
are real. The Local Stoquastic Hamiltonian Problem is complete for the class StoqMA. The complexity class StoqMA
lies between MA and QMA, specifically,

P ⊆ BPP ⊆ NP ⊆ MA ⊆ StoqMA ⊆ QMA.

It is also known that the Local Stoquastic Hamiltonian Problem is hard for the class MA [8]. A formal definition of
MA follows in Section III.

Definition 3 (StoqMA(α,β)). A decision problem L is in StoqMA(α,β) if there exists a polynomial stoquastic verifier,
V = (n,w,m, p, U), such that

1. n is the number of input |x〉 bits, w is the number of proof |ξ〉 qubits, m is the number of |0〉 ancillae and p is
the number of |+〉 ancillae

2. U is a quantum circuit on M := n + w + m + p qubits, comprised of T = O(poly (n)) gates from the set
{X,Cnot,Toffoli}

3. The acceptance probability of a stoquastic verifier V given some input string x ∈ L and a proof state |ξ〉 is
defined as:

Pr [V (x, |ξ〉)] = 〈φ|U†ΠoutU |φ〉 ,

where |φ〉 = |x, ξ, 0m,+p〉 and Πout = |+〉〈+|1

Completeness: For all x ∈ L, ∃ |ξ〉 ∈ (C2)⊗w, such that, Pr [V (x, |ξ〉) = 1] ≥ α(n)

Soundness: For all x /∈ L, ∀ |ξ〉 ∈ (C2)⊗w, then, Pr [V (x, |ξ〉) = 1] ≤ β(n)

The term α refers to the completeness parameter and β the soundness parameter, where 1/2 ≤ β(n) < α(n) ≤ 1 and
satisfying α− β ≥ 1

poly(n) . �

Note that w,m, p = O(poly (n)). Unlike QMA and MA, the completeness and soundness parameters cannot be
amplified for StoqMA. It was conjectured by Aharanov, Grilo and Liu [25] that

StoqMA(α, β) ⊆ StoqMA(1− 2−l(n),
1

2
+ 2−l(n))

where l(n) is some polynomial in the system size. Interestingly, via a clever application of distribution testing, Liu
was able to prove a method for soundness error-reduction, specifically

StoqMA
(

1

2
+
α

2
,

1

2
+
β

2

)
⊆ StoqMA

(
1

2
+
αr

2
,

1

2
+
βr

2

)
where r = poly (n). A slight downfall to this reduction is that it requires r copies of the proof state. We therefore
assume the parameters are fixed as in Definition 3.

Remark 1 (Merlin’s message). In the class StoqMA, we describe the interaction between Merlin and Arthur by
explicitly distinguishing the components each party contributes. This framing is consistent with the formal definition
from Ref. [7] and subsequent works [5, 25, 26, 31]. To concisely represent this interaction, we define a tuple (ξ, A),
where ξ is the proof state provided by Merlin and A is the verification circuit controlled by Arthur. The verification
process is structured as follows: A takes as input the problem instance x, includes polynomially many 0- and +-ancillae,
and is described by a polynomial-sized classically reversible circuit. Without loss of generality, we assume an even
number of +-ancillae in the circuit. This re-framing captures the essential aspects of the class StoqMA while making
the roles of Merlin and Arthur more intuitive. �



4

A. Technical Summary

The main contribution of this work is to establish the StoqMA-completeness of the 2-Local Stoquastic Hamiltonian
Problem on 2D lattices of qubit systems. We follow the framework outlined by Oliveira and Terhal. To start this
journey for StoqMA (verification) circuits, we first reduce long-range gates to nearest-neighbour gates. By a simple
argument, we show that long-range gates can be made nearest-neighbour by employing a Swap network. It is not hard
to show that the number of gates increases by a factor Θ(n) using this approach, and results in a polynomial overhead
on the depth of the verification circuit. Importantly, the circuit statistics are preserved, i.e., the completeness and
soundness parameters are not affected.
We then proceed by mapping general StoqMA circuits to a spatially sparse circuit construction. This entails

a polynomial increase in the number of system qubits and a linear increase in the number of overall gates. The
reason is so that each qubit only interacts with a constant number of others in a geometrically local neighbourhood.
Surprisingly, this mapping also preserves the statistics of the circuit (see Appendix E). Fig. 2 gives an overview of the
required circuit modifications.

StoqMA(α, β) circuit:

Vx = (n,w,m, p, U = U1 · · ·UT )

Parameters: α, β, T = O(poly (M))

StoqMA(α, β) nearest-neighbour circuit:

V ′x = (n,w,m, p, U = U1 · · ·UT ′)
Parameters: α, β, T ′ = Θ(M) · T

StoqMA(α, β) spatially sparse circuit:

Cx = (n,w,m′, p′, U = U1 · · ·US)

Parameters: α, β, S = Θ(M2) · T

Corollary 1

Alg. 1, Eq. (3)

Corollary 2

FIG. 2. Workflow of the required circuit modifications. We take generic (long-range) StoqMA circuits to ones comprised of only
nearest-neighbour gates. A subsequent mapping takes such circuits to the spatially sparse construction. HereM := n+w+m+p.
Additionally, m′ > m and p′ > p are the number of ancilla qubits required for the spatially sparse construction. The important
parameters at each stage are: the completeness parameter, the soundness parameter and the gate count.

We then employ the (stoquastic) Feynman-Kitaev clock construction for the spatially sparse circuit proving the
StoqMA-completeness of the 6-Local Stoquastic Hamiltonian Problem on spatially sparse graphs. This mapping is
essentially the same as the standard StoqMA-hardness proof but takes special care with how the clock qubits are
oriented.

Theorem 4. The 6-Local Stoquastic Hamiltonian Problem on a spatially sparse graph is StoqMA-complete. �

We then review the perturbative gadgets used in the reduction of the 6-Local Stoquastic Hamiltonian Problem to
the 2-Local Stoquastic Hamiltonian Problem. Motivated by the design of these gadgets, specifically the subdivision
gadget, we construct a family of new perturbative gadgets required for the geometrical reduction. Using intuition
from Ref. [2], it is possible to reduce the 2-Local Stoquastic Hamiltonian Problem to a degree-4 planar graph. The
technical challenge in this part is ensuring each gadget term is stoquastic, that no unwanted terms are introduced
and that perturbative gadgets to second-order produce no unwanted cross terms. We employ the Schrieffer-Wolff
transformation to analyse the effect of the perturbative gadgets. Importantly, the reduction from a spatially sparse
graph to a planar graph is done in a way that only requires a constant number of perturbative gadgets.

Theorem 5. Given a 2-local stoquastic Hamiltonian on a spatially sparse graph, H, there exists a 2-local stoquastic
Hamiltonian on a degree-4 planar graph with a straight-line drawing in the plane that approximates H. �

A subsequent embedding procedure from the planar graph to the 2D square lattice is then discussed. Since this
mapping is efficient and only requires an additional constant number of perturbative gadgets, we establish the
StoqMA-completeness of the 2-Local Stoquastic Hamiltonian Problem on 2D lattices.
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Theorem 6. The 2-Local Stoquastic Hamiltonian Problem on a 2D square lattice is StoqMA-complete. �

The contributions of this work are summarised in Fig. 3.

6-LOC. STOQ. HAM.
MA-hard
[BDOT06]

2-LOC. STOQ. HAM.
MA-hard
[BDOT06]

6-LOC. STOQ. HAM.
StoqMA-complete

[BBT06]

2-LOC. STOQ. HAM.
StoqMA-complete

[BBT06]

6-LOC. STOQ. HAM.
SPATIALLY SPARSE

MA-hard
THIS WORK

2-LOC. STOQ. HAM.
SPATIALLY SPARSE

MA-hard
THIS WORK

6-LOC. STOQ. HAM.
SPATIALLY SPARSE
StoqMA-complete

THIS WORK

2-LOC. STOQ. HAM.
SPATIALLY SPARSE
StoqMA-complete

THIS WORK

2-LOC. STOQ. HAM.
PLANAR GRAPH
StoqMA-complete

THIS WORK

2-LOC. STOQ. HAM.
SQUARE LATTICE
StoqMA-complete

THIS WORK

2-LOC. STOQ. HAM.
TRIANGULAR LATTICE

StoqMA-complete
THIS WORK

FIG. 3. A flow diagram of the complexity of the Local Stoquastic Hamiltonian Problem. Arrows represent modifica-
tions/reductions to the problem. Grey boxes represent the results of prior art. Green boxes represent the results of this work.

III. THE COMPLEXITY OF THE STOQUASTIC HAMILTONIAN PROBLEM

Being a restriction of the standard Local Hamiltonian Problem implies the Local Stoquastic Hamiltonian Problem
is naturally in QMA. Furthermore, it is also at least NP-hard since all classical local Hamiltonians are stoquastic. The
main challenge is determining whether the problem is complete for any complexity class. Bravyi et al. [8] considered
a semi-classical variant of MA — MAq — which subsequently led to the MA-hardness of the 6-Local Stoquastic
Hamiltonian Problem. The result followed from the conclusion that MAq = MA. A later work from Bravyi et al. [7]
considered a more ‘quantum’ variant of MA — StoqMA — where it followed that the 2-Local Stoquastic Hamiltonian
Problem was StoqMA-complete. Analysing the results concerning the MA-hardness is fruitful for the StoqMA-hardness
results that follow.
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Definition 4 (MAq [8]). A decision problem L is in MAq if there exists: a polynomial quantum verifier, V =
(n,w,m, p,R), such that:

1. n is the number of input |x〉 qubits, w is the number of proof |ξ〉 qubits, m is the number of |0〉 ancillae and p
is the number of |+〉 ancillae

2. R = RT · · ·R1 is a classically reversible circuit on n+ w + p+m qubits where Rt ∈ {X,Cnot,Toffoli} for
all t and T = O(poly (n))

3. There is a single qubit measurement in the Z-basis at the end of the circuit

4. For x ∈ L, ∃ |ξ〉 ∈ {0, 1}⊗w, such that, Pr [V (x, |ξ, 0m,+p〉) = 1] ≥ 2/3

5. For x /∈ L, ∀ |ξ〉 ∈ {0, 1}⊗w, then, Pr [V (x, |ξ, 0m,+p〉) = 1] ≤ 1/3

�

Note that w,m, p = O(poly (n)). The purpose of considering a semi-classical variant was to promote the BPP
verification circuit to a classically reversible BQP circuit. Restricting Merlin to sending only classical proof states
allows for the conclusion that MAq = MA [8, Lemma 2]. A key difference between MAq and StoqMA is that Arthur
measures only in the Z-basis for MAq and only in the X-basis for StoqMA. The X-basis measurement for StoqMA
circuits makes amplification of the completeness and soundness difficult using current techniques. MAq, on the other
hand, does admit amplification, and it is known that MA1 = MA [32]; hence the same applies for MAq.
A direct application of Feynman-Kitaev circuit-to-Hamiltonian construction on MAq circuits was sufficient to

show the MA-hardness of the 6-Local Stoquastic Hamiltonian Problem. An alternate method is required to prove
StoqMA-hardness of the problem due to the inability to apply the circuit-to-Hamiltonian construction exactly for
StoqMA circuits. This is a consequence of the fact that we do not have robust methods to amplify the completeness
and soundness parameters. In this section, we recap both the MAq-hardness and StoqMA-hardness results. We then
show how the spatially sparse construction of Ref. [2] can be used to prove the MAq-hardness and StoqMA-hardness
of 6-local stoquastic Hamiltonians. We cover both ideas since a large portion of the work for the StoqMA-hardness
result is in the MA-hardness proof. The completeness of the results follows directly from Ref. [7].

A. MA-hardness of the Local Stoquastic Hamiltonian Problem

We recap the original MA-hardness proof of 6-local stoquastic Hamiltonians due to Bravyi, DiVincenzo, Oliveira
and Terhal [8], then outline the important steps of the spatially sparse extension. The process of extending the
Feynman-Kitaev construction to a spatially sparse lattice is well-known [2, 4, 6]. Our goal is to demonstrate how this
idea can apply to local stoquastic Hamiltonians.

Theorem 1 ([8]). The 6-Local Stoquastic Hamiltonian Problem is MA-hard. �

Proof. We can employ the Feynman-Kitaev circuit-to-Hamiltonian construction to prove the problem is hard for the
class MA. Let Vx be Arthur’s verification circuit. Recall MAq = MA. Let the input to the circuit be an N := n+w+m+p
qubit register comprised of four parts: the input state |x〉 of n qubits, the proof state |ξ〉 of w qubits, the ancilla
register of m qubits initialised to |0〉 and the coin register of p qubits initialised to |+〉. Let Vx comprise a sequence
of T Toffoli gates denoted as RT , . . . , R1.

Define a Hamiltonian H = Hin +Hout +Hprop +Hclock acting on a register of T clock qubits labelled as c1, . . . , cT
and the N -qubit input register. Let the output measured qubit be denoted q; for this instance, Arthur can measure
using only the Z-basis. Each Hamiltonian term is defined as a penalising Hamiltonian and must be stoquastic.

Hin := (I− |x〉〈x|)⊗ |0〉〈0|c1 +

m∑
j=1

|1〉〈1|anc,j ⊗ |0〉〈0|c1 +

p∑
i=1

|−〉〈−|coin,i ⊗ |0〉〈0|c1 ,

Hout := |0〉〈0|q ⊗ |1〉〈1|cT , (1)

Hclock :=

T−1∑
t=1

|01〉〈01|ct,ct+1
, (2)

Hprop :=

T∑
t=1

Hprop(t).
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We define the propagation Hamiltonian terms in the following way:

Hprop(1) = |00〉〈00|c1,c2 + |10〉〈10|c1,c2 −R1 ⊗ (|10〉〈00|c1,c2 + |00〉〈10|c1,c2),

Hprop(t) = |100〉〈100|ct−1,ct,ct+1
+ |110〉〈110|ct−1,ct,ct+1

−Rt ⊗ (|110〉〈100|ct−1,ct,ct+1
+ |100〉〈110|ct−1,ct,ct+1

), 1 < t < T

Hprop(T ) = |10〉〈10|cT−1,cT
+ |11〉〈11|cT−1,cT

−RT ⊗ (|11〉〈10|cT−1,cT
+ |10〉〈11|cT−1,cT

).

Note that Hin, Hout and Hclock are all 2-local Hamiltonians. The terms Hprop(1) and Hprop(T ) are 5-local
and Hprop(t) terms are 6-local. It is straightforward to show each Hamiltonian term is stoquastic. Notice that
|−〉〈−| = 1

2 (I−X), |1〉〈1| = 1
2 (I+Z) and Hout, Hclock are diagonal; hence Hin, Hout and Hclock are all 2-local stoquastic

Hamiltonians. The terms Rt ⊗ (. . . ) in Hprop(t) will have off-diagonal elements that are strictly positive. Therefore,
each Hprop(t) term is stoquastic. To conclude, we simply leverage the original arguments from Ref. [1] to show that
in the Yes case, there exists a proof state such that the Hamiltonian H has eigenvalues at most ε/(T + 1). In the No
case, all eigenvalues are at least c(1−

√
ε)/T 3. �

B. Circuit modifications

Converting a standard MAq or StoqMA circuit to one which is spatially sparse in design requires two steps. The
first is to replace all long-range gates with ones that are nearest-neighbour. Then, we map the nearest-neighbour
circuit to one with a large number of ancillae qubits and some extra gates. The general purpose of the spatially sparse
modification is to make it so that each qubit is only acted on by a constant number of gates. Instead of analysing
both MAq and StoqMA circuits separately, we will focus on the StoqMA case. The same logic applies to MAq circuits.
The workflow of these reductions is given in Fig. 2.

Nearest-neighbour circuits. The range of a gate we define as the maximum distance between any two qubits
the gate acts on. The distance metric is the number of registers between the two registers the qubits belong to. The
worst case is when a gate acts on the first and last qubits in the circuit register, giving a range of M − 1 = Θ(M). To
replace a long-range gate with a nearest-neighbour one, we employ a Swap network procedure. The Swap network is
a sequence of Cnot gates that swap the qubits of the long-range gate to be nearest-neighbour. See Appendix D for
more information.

Proposition 1. Let Toffolir[a, b; c] be a Toffoli gate with range r > 2. Toffolir[a, b; c] can be exactly expressed
using Θ(r) nearest-neighbour Cnot gates and a single nearest-neighbour Toffoli3[b− 1, b; b+ 1]. �

Without loss of generality, we can assume all gates in StoqMA (and also MAq) circuits are Toffoli gates. The
consequence of this proposition is the following corollary. Essentially, we can take any StoqMA circuit and decompose
it into a nearest-neighbour one using only nearest-neighbour gates at the cost of the number of gates increasing by a
factor of Θ(M) in the worst case.

Corollary 1. Given any long-range StoqMA(α, β) circuit with T gates on M qubits, there exists a nearest-neighbour
StoqMA(α, β) circuit with Θ(T ·M) gates on M qubits. �
What is important to note here is that the completeness and soundness parameters of the original circuit are

preserved in the transformed circuit (Appendix E). This is crucial for the subsequent spatially sparse construction.
The only important differences are the range and number of gates in the circuit. As a final note, we emphasise that a
Swap gate is just a sequence of Cnot gates and hence can be constructed in the StoqMA circuit framework1.

Spatially sparse circuits. This construction is based on the idea of rounds of gate executions. Each round
comprises of the application of one non-trivial gate in the verification sequence. After the round has been executed, a
series of Swap gates are employed between rows of qubits. Each row of qubits is used for one (original) gate execution;
if there are T gates in the sequence, there are T rows of qubits. For an input register of M qubits, each row is M
qubits ‘wide’, giving a total of P = T ·M qubits in the new construction. Note that we still only require one copy
of the proof state, initialised on the first row, and so the T − 1 remaining rows are all ancillae; roughly speaking,
P = n ·O(poly (n)). The Swap sequence is conducted between rows from ‘right to left’. The time with respect to the
gate sequence execution is taken from row-1 to row-T (vertically). Time with respect to all gates employed (gate
sequence and Swap sequence) follows a snake-like pattern; this will be characterised using a time cursor.

1 It is likely that gate optimisation can be employed to reduce the overall gate overhead and circuit depth; however for our purposes this
is not necessary.
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Round 1

Round 2

Round 3

R1

R2

R3

time cursor

S
w
a
p

S
w
a
p

FIG. 4. A visual representation of the modified Feynman-Kitaev construction. Each gate in the verification sequence is applied
to a row of qubits in succession. After each round of gate applications, a Swap gate sequence is applied between rows of qubits
from right to left. The time cursor is shown in green. The small circles represent qubits. The dashed boxes represent one of the
non-trivial gates in the verification sequence. Qubits that have no dashed box are assumed to be acted on trivially.

Definition 5 (Spatially Sparse Graph [2]). A spatially sparse graph is defined such that

(i) every vertex participates in O(1) edges,

(ii) there is a straight-line drawing in the plane such that every edge overlaps with O(1) other edges, and the length
of every edge is O(1).

�

Assuming that the original circuit StoqMA circuit has been mapped to one comprised of only nearest-neighbour
gates, we can now apply the spatially sparse construction. The pseudocode in Alg. 1 demonstrates how the spatially
sparse construction operates. Additionally, Eq. (3) shows the modification to the gate sequence. Introducing Swap
gates modifies the original sequence of T gates to a sequence of T +M(T − 1) gates. Label the M qubits in row-j
from left to right as j1, j2, . . . , jM . The new gate sequence follows

R1R2 . . . RT 7→ R1

 T∏
j=2

( 1∏
q=M

Swapj−1q,jq

)
Rj

 . (3)

Notice from previous arguments that Eq. (3) is still a valid gate sequence even for the stoquastic verifier. To do this
mapping, we need additional Θ(T ·M) gates and Θ(T ) ancillae qubits.

Algorithm 1: Spatially Sparse Circuit
input :T rows of M qubits labelled (from left to right) as j1, . . . , jM where j ∈ [T ], and a verification circuit of T

gates labelled R1, . . . , RT

output :Executed circuit Vx on the TM qubit register

Apply the gate RT to the appropriate qubits in row-T
Apply the Identity gate to the remaining qubits in row-T
for j = 2 to j = T do

Apply the gate Rj to the appropriate qubits in row-j
Apply the Identity gate to the remaining qubits in row-j
Let the qubits in row-j be labelled j1, . . . , jn from left to right
for i = M to i = 1 do

Apply a Swap gate between (j − 1)i and ji
end

end
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Corollary 2. Given any StoqMA(α, β) circuit with T gates on M qubits, there exists a spatially sparse StoqMA(α, β)
circuit with Θ(T ·M) + Θ(T ·M2) gates on T + Θ(T ·M) qubits. �

Similar to the previous mapping, the circuit statistics are preserved under this modification (Appendix E).
Remark 2. Let n be the number of input |x〉 bits, then the input register size is M = m(n), and the number
of gates is T = t(n), for some polynomials m and t. The total number of gates in the spatially sparse circuit is
S = O(1)·t(n)·m(n)2 = s(n) and the total number of qubits in the spatially sparse circuit is P = O(1)·m(n)·t(n) = p(n),
where s(n) and p(n) are polynomials. �

Note that in the subsequent Feynman-Kitaev construction, for each Swap gate, there would be an additional three
clock qubits to mediate the equivalent Cnot decomposition; since this does not change the complexity or the proof
for that matter, we will ignore this detail. We can therefore combine the circuit-to-Hamiltonian construction for the
6-local stoquastic Hamiltonian from Ref. [8] (Theorem 1) with the spatially sparse construction of Ref. [2] to prove
the following theorem.

Theorem 2. The 6-Local Stoquastic Hamiltonian Problem on a spatially sparse graph is MA-hard. �

Proof. We can employ the Feynman-Kitaev circuit-to-Hamiltonian construction to prove the problem is hard for the
class MA. Let Vx be Arthur’s verification circuit. Recall MAq = MA. Let the input to the circuit be an N := n+w+m+p
qubit register comprised of four parts: the input state |x〉 of n qubits, the proof state |ξ〉 of w qubits, the ancilla
register of m qubits initialised to |0〉 and the coin register of p qubits initialised to |+〉. Let Vx comprise a sequence
of T nearest-neighbour Toffoli, and Swap gates denoted as RT , . . . , R1.

Define a Hamiltonian H = Hin +Hout +Hprop +Hclock acting on a register comprised of T rows of N qubits and
S = (2T − 1)N clock qubits labelled c1, . . . , cS . There is one clock qubit for each operation in the gate sequence. Let
Ṽx represent a modified version of Vx according to Eq. (3). Ṽx is denoted as R̃S , . . . , R̃1. Let the output measured
qubit be denoted q where q = TN , i.e., the rightmost qubit on the final row. Arthur can only measure in the Z-basis.
A given qubit, l, is acted on by circuit gates in two intervals: (i) By Rj or the Identity gate, (ii) by the Swap
gate. Let Qx be the set of qubits that contain |x〉. Separate the first row of qubits into three columns respective
of the input to the circuit. Let the column where the +-ancilla lie all be initialised to |+〉, denote this set of Tp
qubits as Q+. Let the column where the 0-ancilla lie all be initialised to |0〉 and all other qubits in rows > 1 for
the proof column be also initialised to |0〉; this is a set of Tm+ (T − 1)(n+ w) qubits denoted as Q0. Note that
|Qx ∪Q+ ∪Q0| = n+ Tp+ Tm+ (T − 1)(n+ w) = TN − w.

Each Hamiltonian term is defined as a penalising Hamiltonian and must be stoquastic.

Hin = (I− |x〉〈x|)⊗ |100〉〈100|ctj−1,ctj ,ctj+1

+
∑
j∈Q0

|1〉〈1|anc,j ⊗ |100〉〈100|ctj−1,ctj ,ctj+1

+
∑
j∈Q+

|−〉〈−|coin,j ⊗ |100〉〈100|ctj−1,ctj ,ctj+1
,

Hout = |0〉〈0|q ⊗ |1〉〈1|cS ,

Hclock =

S−1∑
t=1

|01〉〈01|ct,ct+1
,

Hprop =

S∑
t=1

Hprop(t).

The Hamiltonian terms Hout and Hclock are left unchanged from Eq. (1) and Eq. (2) respectively. The term Hin
now involves extra clock qubit checks. Following the arguments of Ref. [2], the role of Hin is to make sure that
the state of the input qubits are appropriately set before the gates act on the qubits. The form of the propagation
Hamiltonian terms are also unchanged:

Hprop(1) = |00〉〈00|c1,c2 + |10〉〈10|c1,c2 − R̃1 ⊗ (|10〉〈00|c1,c2 + |00〉〈10|c1,c2),

Hprop(t) = |100〉〈100|ct−1,ct,ct+1
+ |110〉〈110|ct−1,ct,ct+1

− R̃t ⊗ (|110〉〈100|ct−1,ct,ct+1
+ |100〉〈110|ct−1,ct,ct+1

), 1 < t < S

Hprop(S) = |10〉〈10|cS−1,cS
+ |11〉〈11|cS−1,cS

− R̃S ⊗ (|11〉〈10|cS−1,cS
+ |10〉〈11|cS−1,cS

).

Finally, the spatially sparse interaction graph occurs from the above construction and the format of Fig. 4. The
snake-like time arrow over the qubits in the rows represents a string of clock qubits following the gate sequence seen
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in Eq. (3). Each Hamiltonian term above only acts in a local neighbourhood about each qubit. Moreover, each qubit
only interacts with a set of qubits in its neighbourhood. Therefore, the interaction graph is spatially sparse.
Additionally, we know each Hamiltonian term is stoquastic. Only Hin and Hprop(t) (for R̃t = Swap) need to be

proven to be stoquastic since the remaining terms are known to be stoquastic from Theorem 1. The clock terms of
Hin are diagonal hence Hin is stoquastic. The terms R̃t ⊗ (. . . ) in Hprop(t) will have off-diagonal elements that are
strictly positive. Therefore, each Hprop(t) term is stoquastic even if R̃t = Swap. To conclude, in the Yes case, if
Arthur’s circuit accepts with probability at least 1− ε then there exists a proof state such that the Hamiltonian H
has eigenvalues at most ε/(S + 1) and in the No case, having Arthur reject with probability at most ε, all eigenvalues
are at least c(1− ε−

√
ε)/S3 for some constant c [2, Lemma 1]. �

C. StoqMA-hardness of the Local Stoquastic Hamiltonian Problem

We will now revisit the StoqMA-hardness proof for 6-local stoquastic Hamiltonians as presented in Ref. [7]. This
proof employs a modified version of the Feynman-Kitaev circuit-to-Hamiltonian construction. The approach involves
defining a 6-local stoquastic penalising Hamiltonian, similar to the method used in Theorem 1, and then adding a
measurement term perturbatively to ensure the eigenvalue promises are met. Note that we do not cover the proof
that the k-Local Stoquastic Hamiltonian Problem is in StoqMA; for further details on this, refer to Ref. [7]. From this
point forward, we assume this fact is established.

Theorem 3 ([7]). The 6-Local Stoquastic Hamiltonian Problem is StoqMA-complete. �

Proof. Let Vx be Arthur’s stoquastic verification circuit. Let the input to the circuit be an M = n+w +m+ p qubit
register comprised of four parts: the input state |x〉 of n qubits, the proof state |ξ〉 of w qubits, the ancilla register
of m qubits initialised to |0〉 and the coin register of p qubits initialised to |+〉. Let Vx be comprised of a sequence of
T gates, RT , . . . , R1, from the set {X,Cnot,Toffoli}. Without loss of generality, we can assume all gates in the
circuit are Toffoli gates.

Define a Hamiltonian H = Hin +Hout +Hprop +Hclock acting on a register of T clock qubits labelled as c1, . . . , cT
and the M qubit register. Let the output measured qubit be denoted q; for this instance, Arthur can measure using
only the X-basis. Each Hamiltonian term is defined as a penalising Hamiltonian and must be stoquastic. Define the
following history state

|ψ〉 =
1√
T + 1

T∑
t=0

Rt . . . R0 |x, ξ, 0m,+p〉
∣∣1t0T−t〉 .

We therefore have,

Hin = (I− |x〉〈x|)⊗ |0〉〈0|c1 +

m∑
i=1

|1〉〈1|i ⊗ |0〉〈0|c1 +

p∑
i=1

|−〉〈−|i ⊗ |0〉〈0|c1 ,

Hclock =

T−1∑
t=1

|01〉〈01|ct,ct+1
,

Hprop =

T∑
t=1

Hprop(t).

We define the propagation Hamiltonian terms in the following way:

Hprop(1) = |00〉〈00|c1,c2 + |10〉〈10|c1,c2 −R1 ⊗ (|10〉〈00|c1,c2 + |00〉〈10|c1,c2),

Hprop(t) = |100〉〈100|ct−1,ct,ct+1
+ |110〉〈110|ct−1,ct,ct+1

−Rt ⊗ (|110〉〈100|ct−1,ct,ct+1
+ |100〉〈110|ct−1,ct,ct+1

), 1 < t < T

Hprop(T ) = |10〉〈10|cT−1,cT
+ |11〉〈11|cT−1,cT

−RT ⊗ (|11〉〈10|cT−1,cT
+ |10〉〈11|cT−1,cT

).

The history state defined above is a zero-energy eigenstate of Hin +Hclock +Hprop. It is known that the spectral gap
of this Hamiltonian is ∆ = Ω(T−3) [7, Lemma 5]. Furthermore, it is trivial to check that the above Hamiltonian
terms are stoquastic and that H is 6-local.

The next term to define is the output Hamiltonian,

Hout = |−〉〈−|q ⊗ |1〉〈1|cT .
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Clearly Hout is stoquastic. We define a new Hamiltonian H ′ = H + δHout where 0 < δ � ∆. We can treat δHout as
a perturbation term. This gives the eigenvalue as

λ(H ′) = δmin
|ξ〉
〈ξ|Hout |ξ〉+O(δ2).

For a sufficiently small δ the second-order terms can be ignored. To conclude, we leverage arguments analogous to
Ref. [1] to show in the Yes case, there exists a proof state such that the Hamiltonian H has eigenvalues at most
δ(1− α)/(T + 1). In the No case, all eigenvalues are at least δ(1− β)/(T + 1). The perturbation analogous applies
for δ � ∆ hence let δ � T−3. �

As we shall discuss in the next section, the degree of locality has no influence on the complexity for k ≥ 2 [8,
Theorem 8]. We will now show that a simple extension to the above proof shows that 6-local stoquastic Hamiltonians
are StoqMA-complete on a spatially sparse graph. This proof is similar to the proof of Theorem 4.

Theorem 4. The 6-Local Stoquastic Hamiltonian Problem on a spatially sparse graph is StoqMA-complete. �

Proof. Let Vx be Arthur’s stoquastic verification circuit. Let the input to the circuit be an M = n+w +m+ p qubit
register comprised of four parts: the input state |x〉 of n qubits, the proof state |ξ〉 of w qubits, the ancilla register
of m qubits initialised to |0〉 and the coin register of p qubits initialised to |+〉. Let Vx be comprised of a sequence
of T nearest-neighbour gates, RT , . . . , R1, from the set {X,Cnot,Toffoli}. The gates are either Toffoli gates or
Swap gates (three Cnot gates).

Define a Hamiltonian H = Hin +Hout +Hprop +Hclock acting on a register comprised of T rows of M qubits and
S = (2T − 1)M + 2 clock qubits labelled c0, . . . , cS+1. Note that the 0-th and (S + 1)-th clock qubits are always
set to 1 and 0, respectively. There is one clock qubit for each operation in the gate sequence. Let Ṽx represent a
modified version of Vx according to Eq. (3). Ṽx is denoted as R̃S . . . R̃1. Let the output measured qubit be denoted
q where q = TM , i.e., the rightmost qubit on the final row. Arthur can only measure in the X-basis. A given
qubit, l is acted on by circuit gates in two intervals: (i) By R̃j or the Identity gate, (ii) by the Swap gate. Let
Qx be the set of qubits that contain |x〉. Separate the first row of qubits into four columns respective of the input
to the circuit. Let the column where the +-Ancilla lie all be initialised to |+〉, denote this set of Tp qubits as
Q+. Let the column where the 0-Ancilla lie all be initialised to |0〉 and all other qubits in rows > 1 for the
Proof column be also initialised to |0〉; this is a set of Tm + (T − 1)(n + w) qubits denoted as Q0. Note that
|Qx ∪Q+ ∪Q0| = n+ Tp+ Tm+ (T − 1)(n+ w) = TM − w.

Each Hamiltonian term is defined as a penalising Hamiltonian and must be stoquastic. Define the following history
state

|η〉 =
1√
S + 1

S∑
t=0

R̃t . . . R̃0 |x, ξ, 0m,+p〉
∣∣∣0(T−1)(n+w),+(T−1)p

〉 ∣∣1t0S−t〉 .
We also have,

Hin = (I− |x〉〈x|)⊗ |100〉〈100|ctj−1,ctj ,ctj+1

+
∑
j∈Q0

|1〉〈1|anc,j ⊗ |100〉〈100|ctj−1,ctj ,ctj+1

+
∑
j∈Q+

|−〉〈−|coin,j ⊗ |100〉〈100|ctj−1,ctj ,ctj+1

Hclock =

S−1∑
t=1

|01〉〈01|ct,ct−1
,

Hprop =

S∑
t=1

Hprop(t).

The term Hin now involves extra clock qubit checks. Following the arguments of Ref. [2], the role of Hin is to make
sure that the state of the input qubits are appropriately set before the gates act on the qubits. By demanding that all
additional qubits be initialised to either |0〉 or |+〉 (depending on their column), we can see that Hin acts as expected.
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A short calculation shows that Hin |η〉 = 0 [2],

H
(x)
in |η〉 ∝ (I− |x〉〈x|) |x, ξ, 0m,+p〉

∣∣∣0(T−1)(n+w),+(T−1)p
〉
|100 . . . 0〉 = 0,

H
(0)
in |η〉 ∝

∑
j∈Q0

|1〉〈1|anc,j |x, ξ, 0
m,+p〉

∣∣∣0(T−1)(n+w),+(T−1)p
〉
|100 . . . 0〉 = 0,

H
(+)
in |η〉 ∝

∑
j∈Q+

|−〉〈−|coin,j |x, ξ, 0
m,+p〉

∣∣∣0(T−1)(n+w),+(T−1)p
〉
|100 . . . 0〉 = 0.

Let |ξt〉 = R̃t |ξt−1〉 where |ξ0〉 = |x, ξ, 0m,+p〉
∣∣0(T−1)(m+w),+(T−1)p

〉
. The form of the propagation Hamiltonian

terms are also unchanged; hence

Hprop(1) = |00〉〈00|c1,c2 + |10〉〈10|c1,c2 − R̃1 ⊗ (|10〉〈00|c1,c2 + |00〉〈10|c1,c2),

Hprop(t) = |100〉〈100|ct−1,ct,ct+1
+ |110〉〈110|ct−1,ct,ct+1

− R̃t ⊗ (|110〉〈100|ct−1,ct,ct+1
+ |100〉〈110|ct−1,ct,ct+1

), 1 < t < S

Hprop(S) = |10〉〈10|cS−1,cS
+ |11〉〈11|cS−1,cS

− R̃S ⊗ (|11〉〈10|cS−1,cS
+ |10〉〈11|cS−1,cS

).

We can therefore conclude that the spectral of H := Hin +Hclock +Hprop is ∆ = Ω(S−3) [7, Lemma 5]. Furthermore,
it is trivial to check that the above Hamiltonian terms are stoquastic and that H is 6-local.

Define the output Hamiltonian,

Hout = |−〉〈−|q ⊗ |1〉〈1|cS .

Clearly Hout is stoquastic. We define a new Hamiltonian H ′ = H + δHout where 0 < δ � ∆. We can treat δHout as
a perturbation term. This gives the eigenvalue as

λ(H ′) = δmin
|ξ〉
〈ξ|Hout |ξ〉+O(δ2).

For a sufficiently small δ the second-order terms can be ignored. To conclude, we leverage arguments analogous
to Ref. [1] (cf. Theorem 3) to show in the Yes case, there exists a proof state such that the Hamiltonian H has
eigenvalues at most δ(1− α)/(S + 1). In the No case, all eigenvalues are at least δ(1− β)/(S + 1). The perturbation
analogous applies for δ � ∆ hence let δ � S−3. �

In conclusion, we have shown that simple modifications to the Feynman-Kitaev clock construction is sufficient to
prove the StoqMA-hardness of the 6-Local Stoquastic Hamiltonian Problem on a spatially sparse graph. We have
recapped the original proofs for clarity and to set the notation for the new proofs that follow. Although the literature
already shows how to construct gadgets by reducing the degree of locality from six to two, the following section
gives a brief introduction to the notion of perturbation gadgets used in this work. We quickly outline the original
degree-reducing gadgets, and then, in a subsequent section, we construct geometrical perturbation gadgets.

IV. STOQUASTIC PERTURBATION GADGETS

In this section, we recap the work of Bravyi et al. [8] on perturbation gadgets for stoquastic Hamiltonians. Similar
to the original work by Kempe, Kitaev, and Regev [33], we demonstrate how k-local stoquastic Hamiltonians can be
reduced to 3-local Hamiltonians. Subsequently, we apply a gadget technique to further reduce these 3-local stoquastic
Hamiltonians to 2-local stoquastic ones, thereby establishing that the 2-Local Stoquastic Hamiltonian Problem is
StoqMA-complete.
Ref. [8] use the self-energy method to prove the perturbative effects, a technique originally developed in Ref. [33]

for the Local Hamiltonian Problem. In contrast, we employ the Schrieffer-Wolff transformation, formally described
for many-body Hamiltonians in Ref. [34] and applied to stoquastic Hamiltonians in Ref. [35]. Both methods are
equivalent in the sense that they utilise perturbation theory to derive an effective Hamiltonian whose low-energy
spectrum closely approximates that of the original Hamiltonian. Readers familiar with these ideas can skip to the
next section.
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A. Crash Course in Perturbation Gadgets

The idea of perturbation gadgets is to introduce a mediator qubit in a system with the effect of simulating the
low-energy spectrum of a target Hamiltonian via local interactions between the mediator qubit and the system
qubits. An intuitive example is the simulation of ferromagnetic spin interactions using antiferromagnetic ones. The
two main methods used in the literature to study this effect are the self-energy method and the Schrieffer-Wolff
transformation. The self-energy method is a perturbative method that uses the Dyson equation [36] to calculate the
effective Hamiltonian. The Schrieffer-Wolff transformation uses a unitary transformation to calculate the effective
Hamiltonian. The unitary transformation decouples the low-energy subspace from the high-energy subspace.

The usual format of reduction proofs is to start from a known problem that is complete for some complexity class.
However, when dealing with perturbation gadgets, it is common practice to use the notion of simulability instead.
Informally speaking, saying one Hamiltonian can ‘simulate’ another Hamiltonian gives the same conclusions as an
appropriate reduction. Moreover, a reduction from problem A to problem B means that B is at least as hard as
A. Analogously, if Hamiltonian HB can simulate Hamiltonian HA, then HB is at least as hard as HA, cf.Remark 3.
In this regard we interchange the use of the word ‘simulate’ with ‘reduction’. We commonly refer to HA as the
target Hamiltonian, Htarg., which acts on an 2n-dimensional Hilbert space H = L− ⊕L+; L− refers to the low-energy
eigenspace and L+ the high-energy eigenspace. The reduction aims to show that a Hamiltonian, Hsim that acts on a
larger Hilbert space H̃ = L̃− ⊕ L̃+, can be constructed to have a low-energy subspace that approximates that of the
target Hamiltonian. To formalise this, we say there exists an isometry Ẽ : H → Hsim such that Im(Ẽ) := L−(Htarg.)

and
∥∥∥Ẽ†HsimẼ

∥∥∥ ≈ ‖Htarg.‖.

Definition 6 ([4]). Let H be a Hamiltonian acting on a 2n-dimensional Hilbert space H = L− ⊕ L+. Let Hsim be a
Hamiltonian acting on a 2m-dimensional Hilbert space, with m > n and where H̃ = L̃− ⊕ L̃+. Let E : H → H̃ be
an isometry. We say that Hsim is an effective Hamiltonian, or a (η, ε) simulator, for H if these exists an isometry
Ẽ : H → Hsim such that

(i) Im(Ẽ) := L−(H).

(ii)
∥∥∥H − Ẽ†HsimẼ

∥∥∥ ≤ ε.
(iii)

∥∥∥E − Ẽ∥∥∥ ≤ η.
�

We note that it is not strictly necessary for the Hilbert space in Definition 6 to admit the format L−⊕L+; however,
this is appropriate and convenient for our purposes. Important lemmas can be gleaned from Definition 6 essential for
the reduction proofs. We will only need the following lemma from Ref. [28] for this work.

Lemma 1 (Eigenvalue Simulation [28]). Let (Hsim, E) be an (η, ε) simulator for H. Let λj(H) denote the j-th
smallest eigenvalue of H. Then

|λj(H)− λj(Hsim)| ≤ ε.

�

We do not attempt to calculate precise error bounds, and so we assume η, ε = O(1/poly (n)) (Lemma 2 is essentially
an existence lemma). We will denote a perturbed operator by Õ. A perturbed Hamiltonian H̃ is comprised of two
key components: an unperturbed Hamiltonian H and a perturbation term V . The unperturbed Hamiltonian has a
split Hilbert space, H = L− ⊕ L+. By split, we mean that there is a significantly sized spectral gap, ∆� 1, between
the two subspaces. The perturbation term is chosen such that ‖V ‖ ≤ ∆/2 to avoid mixing the low-energy subspace
with the high-energy subspace. Define the projector onto the low-energy subspace as Π− and the projector onto the
high-energy subspace as Π+. Then, O±± = Π±OΠ±.

The Schrieffer-Wolff transformation is a unitary transformation on the simulator Hilbert space defined as eS where
S is an anti-Hermitian operator. The operator requires the transformed Hamiltonian to be block diagonal with respect
to the projectors Π±. The effective Hamiltonian is then defined as Heff. = (e−SHsime

S)− which can be approximated
using a truncated series. For the purposes of this work, we only need to go to the second-order in the series. There
are lemmas that completely specify the form of the effective Hamiltonian for first-, second- and third-order terms [28].
A simplified version of the second-order lemma is
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Lemma 2 (Second-order Reduction [28]). Let Hsim = H +
√

∆ Vmain + Vextra be chosen such that λ(H++) ≥ ∆,
H−, H−+ = 0, (Vextra)−+, (Vmain)− = 0 and∥∥H̄targ. − (Vextra)− + (Vmain)−+H

−1(Vmain)+−
∥∥ ≤ ε/2.

For appropriate choices of ‖Vmain‖, ‖Vextra‖ and ∆, Hsim is an (η, ε) simulator for Htarg.. �

The term H̄targ. = E†Htarg.E is commonly called the logical encoding of the target Hamiltonian. Using Lemma 2,
the general recipe for finding the effective Hamiltonian of the perturbative reductions, up to second-order, is

Heff. = V− − V−+H
−1V+−. (4)

The perturbation techniques and reductions that follow are designed with the goal of decreasing the degree of locality
for a general k-local stoquastic Hamiltonian. The difficulty here, compared to previous work, Ref. [33], is that each
term and resulting Hamiltonians must also be stoquastic. Careful considerations must be taken. The goal is to
reduce O(1)-local stoquastic Hamiltonians to 2-local stoquastic Hamiltonians. The first step in the process uses
the subdivision gadget, which takes a O(1)-local stoquastic Hamiltonian to a 3-local one. To get to 2-local terms,
there is an intermediate 3-local stoquastic Hamiltonian reduction to special 3-local stoquastic Hamiltonians [8]. The
3-to-2-local reduction is analogous to that of Ref. [33]. The same results for the 6-local stoquastic Hamiltonians
can then be applied to the 2-local stoquastic Hamiltonians since the perturbative reductions are polynomial time
transformations that leave the norms of each term as polynomials.

Remark 3. Let HB be a (η, ε) simulator for HA. Then HB is at least as hard as HA. �

Proof. Take an instance of HA to be defined as x := (HA, a, b) such that b − a ≥ 1/poly (n). Since HB is a
(η, ε) simulator for HA, we set the parameters b′ = b − ε and a′ = a + ε. Setting ε < b − a/2 ensures that
b′ − a′ = b− a− 2ε ≥ 1/poly (n), meeting the criterion for a valid instance of HB. It is not hard to see that in the
event of a Yes case for HB, i.e., λ(HB) ≤ a′ then it must be that λ(HA) ≤ a. Similarly, the converse holds for the
No case. �

As a final note, we mention that perturbation gadgets can be applied in parallel and in series. In the parallel
case, the perturbation gadgets are applied to each term of the Hamiltonian simultaneously. In the series case, the
perturbation gadgets are applied sequentially. Appendix A and Appendix C provide a detailed explanation of these
two cases. Specifically, in the first section, we show that no gadget cross terms occur at second-order, and the final
section shows how the composition law of perturbation gadgets influences the approximation error.

B. Stoquastic Subdivision Gadget

A general k-local stoquastic Hamiltonian can be decomposed as a sum of a product of 1-qubit matrices. Define the
1-qubit matrices, denoted ρµ, as

ρ0 = |0〉〈0| , ρ1 = |0〉〈1| , ρ2 = |1〉〈0| , ρ3 = |1〉〈1| .

A general local Hamiltonian term, Hj has support on a set of at most k qubits; denote this set Sj = {j1, . . . , jk}. Let
Ω = {S1, . . . , Sm} denote the m such sets defining the full Hamiltonian. The stoquastic k-local Hamiltonian term,
Hj(Sj) is equivalent to

Hj(Sj) =
∑

µ1,...,µk

hµ1,...,µk

j1,...jk
ρµ1

j1
⊗ · · · ⊗ ρµk

jk
.

For example, a 2-local term, H = Z1Z2 can be written as

Z1Z2 = h0102
12 ρ0

1ρ
0
2 + h0112

12 ρ0
1ρ

3
2 + h1102

12 ρ3
1ρ

0
2 + h1112

12 ρ3
1ρ

3
2.

Define µ = (µ1, . . . , µk) and j = (j1, . . . , jk). If each hµj term is non-negative then a general stoquastic Hamiltonian
can be expressed as [8]

H = K −
∑
S∈Ω

∑
µ

hµj ρ
µ1

j1
. . . ρµk

jk
. (5)
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The term K represents a constant energy shift that renders the diagonal elements of H non-positive. Take each subset
Sj and partition it into to disjoint subsets, σj and τj . The partitioning is such that σj ∪ τj = Sj , σj ∩ τj = ∅ and |σj |
is close to |τj |, i.e., their sizes are near dk/2e. The Hamiltonian can be rewritten as

H = K −
M∑
a=1

(
Ca ⊗Da + C†a ⊗D†a

)
. (6)

The quantityM = 4k
(
n
k

)
is an upper bound on the number of possible terms for a given k-local interaction; for example,

a dense matrix where all elements are non-zero admits a ρ-matrix decomposition of 4k = 22k terms. Furthermore,
(
n
k

)
assumes all interactions are strictly k-local. Both C and D have non-negative elements and act on disjoint sets of at
most dk/2e qubits. Informally, C and D are collections of a string of dk/2e ρ-matrices where C acts on the partition
σ and D on τ . For example, in a 6-local interaction we could denote C1 = h000

123ρ
0
1ρ

0
2ρ

0
3 and D1 = h000

456ρ
0
4ρ

0
5ρ

0
6. It is

easy to see C†C and D†D are diagonal. We can now introduce a perturbation gadget to simulate the low-energy
spectrum of Eq. (6). Let the target Hamiltonian be Eq. (6) and define the perturbed Hamiltonian H̃ = H + V with,

H = ∆

M∑
a=1

|1〉〈1|a ,

V =
√

∆ Vmain + Vextra,

Vmain = −
M∑
a=1

(
Ca +D†a

)
S+
a +

(
C†a +Da

)
S−a , (7)

Vextra =

M∑
a=1

(
C†a ⊗ Ca +Da ⊗D†a

)
.

Let S+ = (S−)† = |1〉〈0|2. Both H and V are stoquastic Hamiltonians. Using Lemma 2 and Eq. (4), it can be shown
the effective Hamiltonian simulates the low-energy spectrum of Eq. (6) (up to an overall constant) to second-order,
cf. Appendix B. With O(log k) applications of this subdivision gadget, a k-local stoquastic Hamiltonian can be
reduced to a 3-local one. The repeated application of such gadgets leaves the resultant Hamiltonian with 3-local
and 2-local terms. We group 2-local contributions into a term Γ. All remaining 3-local terms are subsets of triples,
Bj = {j1, j2, j3} where Bj ∈ Ω3. We can therefore assume a general 3-local stoquastic Hamiltonian is of the form

H = Γ−
∑
B∈Ω3

∑
µi∈±

hµj S
µ1

j1
Sµ2

j2
Sµ3

j3
,

where Ω3 is the set of all triples of qubits in the system and hµj are non-negative.

1. Special 3-Local Stoquastic Hamiltonians

In order to perform the 3-to-2-local reduction of stoquastic Hamiltonians, it is convenient to reduce a general 3-local
stoquastic Hamiltonian to a special form,

H = Γ−
∑
B∈Ω3

hjXj1Xj2Xj3 .

A general 3-local is reduced to the special 3-local using perturbation theory. The specific types of terms that occur
for combinations of S+ and S− are well approximated by XXX interactions. The structure of this reduction involves
several steps, some of which are useful for the 3-to-2-local reduction. The reduction uses a fourth-order correction, so
we will not cover the details here. The interested reader is referred to Ref. [8] for the full details. The general point is
an intermediate step from general 3-local stoquastic Hamiltonians to special 3-local stoquastic Hamiltonians. The
special form is useful for the 3-to-2-local reduction.

2 S± could be represented as the ρ-matrices ρ2/ρ1, but we leave them as S± for clarity.
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C. 3-local to 2-local Reduction

As mentioned, the subdivision gadget can only reduce a k-local Hamiltonian to a 3-local one. We must employ
subsequent ideas to reduce the locality beyond 3. Thankfully, the bulk of this work was originally conducted in
Ref. [33]. In this section, we recap the ideas of Ref. [8] to show how this process works for stoquastic Hamiltonians.

Define non-negative operators O as being proportional to X, then an interaction term of a special 3-local stoquastic
Hamiltonian can be expressed as

H = Γ− 6 O1O2O3. (8)

Let the target Hamiltonian be Eq. (8) and define the perturbed Hamiltonian H̃ = H + V with,

H = −1

4
∆ (Z1Z2 + Z2Z3 + Z1Z3 − 3 I) ,

V = ∆2/3 Vmain + Vextra,

Vmain = −
3∑
j=1

OjS
+
j +O†jS

−
j ,

Vextra = Γ.

Trivially, Π− = |000〉〈000|+ |111〉〈111| and Π+ = I−Π−.
Using the third-order reduction format of [28, Lemma 6] and Eq. (4), it can be shown that the effective Hamiltonian

is

Heff. = K + Γ⊗ Ic − 6 O1O2O3 ⊗Xc,

where Ic and Xc act on the two-dimensional low-energy subspace of the mediator qubits. With a small calculation, it
can be shown that the effective Hamiltonian simulates the low-energy spectrum of the target Hamiltonian up to an
overall energy shift.
All such gadgets allow for the conclusion that the complexity of the k-Local Stoquastic Hamiltonian Problem is

preserved for k ≥ 2. By showing the k-local stoquastic Hamiltonian on a spatially sparse graph is StoqMA-complete,
we can conclude the same is true for 2-local case [8, Theorem 8]. The next section covers geometrical gadgets that
allow for the reduction of a general spatially sparse 2-local stoquastic Hamiltonian to a 2-local stoquastic Hamiltonian
on a planar graph.

V. GEOMETRICAL STOQUASTIC PERTURBATION GADGETS

We now present a series of gadgets, inspired by Ref. [2], specific to stoquastic Hamiltonians for reducing a local
stoquastic Hamiltonian on a spatially sparse graph to one on a planar graph. The main gadgets required for this
reduction are:

1. the Subdivision gadget,

2. the Cross gadget,

3. the Fork gadget,

4. the Triangle gadget.

Each gadget serves a specific purpose. The Fork and Triangle gadgets are used to reduce the degree of vertices.
The Cross gadget’s role is to planarise the interaction graph. We have already seen a subdivision gadget. However,
we emphasise that a 2-local stoquastic interaction can also be subdivided — proving useful for the Triangle and
other gadget identities. Each gadgets’ analysis is analogous to the generic subdivision gadget and so we will not cover
a preliminary sketch of the original ideas from Ref. [2].

In the general 2-local case the Hamiltonian can be expressed as a summation of 2-local Pauli terms. The degree of
each vertex could then be characterised by its Pauli-degree, i.e., the number of Pauli operators emanating from said
vertex. The task was to construct a series of gadgets that could (a) reduce the Pauli-degree of each vertex to three,
and (b) reduce the graph to a planar one. We do not have the luxury of a Pauli decomposition and hence must resort
to a different way of constructing gadgets. The elements of the subdivision gadget serve as a basis for those to come.
We can leverage the construction of Eq. (7) to determine how other gadgets should act. We must always ensure the
unperturbed Hamiltonian, perturbation term and perturbed Hamiltonian are stoquastic.
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Using Eq. (5), we can express a general 2-local stoquastic Hamiltonian as

H = K −
∑

{u,v}∈E(G)

∑
µ

hµuvρ
µu
u ρµv

v .

This is a somewhat cumbersome notation. We instead will use P to represent a general ρ-matrix, analogous to using
P to represent a general Pauli operator. The notation Pu describes one ρ-matrix acting on vertex u; it is convenient
to think of Pu = hµu

u ρµu
u

3. For example, an edge PuPv describes two ρ-matrices acting on vertices u and v and
where Pu does not necessarily equal Pv. A general interaction edge for these stoquastic Hamiltonians is expressed as
PuPv + P †uP

†
v — this is taken from Eq. (6). For brevity we say χuv = Pu + P †v and χ†uv = P †u + Pv. Note that the

interaction edge PuPv + P †uP
†
v cannot be split into two components in general since PuPv may not be Hermitian.

A. The Subdivision Gadget

The purpose of this gadget is to show that a 2-local stoquastic interaction between two system qubits, u and v can
be simulated by 2-local stoquastic interactions between the system qubits and a mediator qubit, c. Let the target
Hamiltonian be Htarget = Γ− (PuPv + P †uP

†
v ) and define the perturbed Hamiltonian H̃ = H + V with,

H = ∆ |1〉〈1|c ,

V =
√

∆ Vmain + Vextra,

Vmain = −
(
χuvS

+
c + χ†uvS

−
c

)
, (9)

Vextra = Γ +G.

Note that the form of Eq. (9) is slightly misleading in that the diagrammatic representation of the interaction edge
takes a slightly different form. The diagrammatic representation of the interaction edge is shown in Fig. 5.

PuPv + P †uP
†
v

u v

PuS
+
c + P †uS

−
c S−c Pv + S+

c P
†
v

u c v

FIG. 5. The Subdivision gadget.

The term G is diagonal and will be defined shortly. The Hilbert space is split with a spectral gap of ∆ and
Π− = |0〉〈0|c and Π+ = |1〉〈1|c being the projectors onto the low-energy and high-energy subspaces respectively. The
unperturbed Hamiltonian is block diagonal with H− = 0 and H++ = ∆. The perturbation term follows,

V−+ = −
√

∆
(
χ†uv
)
|1〉〈0|c ,

V+− = −
√

∆ (χuv) |0〉〈1|c ,
V− = (Γ +G) |0〉〈0|c .

To second-order, it can be shown the effective Hamiltonian is

Heff. =
(
Γ +G− χuvχ†uv

)
|0〉〈0|c ,

=
(
Γ− (PuPv + P †uP

†
v )
)
|0〉〈0|c +

(
G− (PuP

†
u + P †vPv)

)
|0〉〈0|c .

Clearly if G = PuP
†
u + P †vPv then we recover Heff. = Htarget ⊗ |0〉〈0|c.

B. The Cross Gadget

The Cross gadget is used to remove a non-planar section of an interaction graph. This gadget, however, creates
additional edges, E. The target Hamiltonian will be Htarget = Γ − E − (PuPv + P †uP

†
v + PwPs + P †wP

†
s ) and the

perturbation Hamiltonian will be H̃ = H + V with,

3 With this thought process hµuv = hµu
u hµv

v .
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H = ∆ |1〉〈1|c ,

V =
√

∆ Vmain + Vextra,

Vmain = −
(
(χuv + χsw)S+

c + (χ†uv + χ†sw)S−c
)
,

Vextra = Γ +G.

Pw
Ps

+
P
†
w
P
†
s

P
uP
v +
P †u P †v

w v

u s

Pw
S
+
c
+
P
†
w
S
−
c

S
−
c
Ps

+
S
+
c
P
†
s

P
uS +
c

+
P †u S −

c

S −
c P
v +
S +
c P †v

w u

v s

c

FIG. 6. The Cross gadget. The dashed lines represent the additional edges.

Using a similar analysis to that of the Subdivision gadget, it can be shown the effective Hamiltonian is

Heff. =
(
Γ− (PuPv + P †uP

†
v + PwPs + P †wP

†
s )− E

)
|0〉〈0|c

+
(
G− (PuP

†
u + P †vPv + PwP

†
w + P †sPs)

)
|0〉〈0|c . (10)

The extra edges (dashed lines) are contained in E and lie between us, sv, vw and wu. The term G is diagonal and is
defined as before.

C. The Fork Gadget

The Fork gadget is used as one way to reduce the degree of a given vertex. This gadget also creates an additional
edge, E. The target Hamiltonian will be Htarget = Γ− E − (PuPv + P †uP

†
v + PvPw + P †vP

†
w) and the perturbation

Hamiltonian will be H̃ = H + V with,

H = ∆ |1〉〈1|c ,

V =
√

∆ Vmain + Vextra,

Vmain = −
(
(Pu + Pw + P †v )S+

c + (P †u + P †w + Pv)S
−
c

)
,

Vextra = Γ +G.

Again, a similar analysis entails and the effective Hamiltonian is

Heff. =
(
Γ− (PuPv + P †uP

†
v + PvPw + P †vP

†
w)− E

)
|0〉〈0|c

+
(
G− (P †uPu + PvP

†
v + P †wPw)

)
|0〉〈0|c . (11)

The additional edge is between uw and is contained in E. The term G is diagonal and analogously defined as before.
It is important to note here that not any two arbitrary edges can be forked in this manner. The edges must adhere to
the specific structure shown in Fig. 6. Moreover, the two edges in question must be of the form:

PuQv + P †uQ
†
v , QvRw +Q†vR

†
w ,

where we have chosen P , Q and R to represent the ρ-matrices making it clear where the connection lies.
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P
u P
v

+
P
†u P
†v

P
v
P
w

+
P
†
v
P
†
w

u w

v

P
u S

+c
+
P
†u S −c

P
w
S

+
c

+
P
†
w
S
−
c

S −c
P
v

+
S
+c
P
†v

u w

c

v

FIG. 7. The Fork gadget. The dashed line represents the additional edge.

D. The Triangle Gadget

The Triangle gadget is a hybrid of the Subdivision and Fork gadgets to reduce the degree of one qubit in
a triad. No additional edges between the target qubits are created. The target Hamiltonian will be the same as
the Fork gadget. The Triangle gadget will first subdivide the edge uv using a mediator qubit c1 and vw using a
mediator qubit c2. Then proceed to fork between c1v and vc2, cf. Fig. 8.

u w

v

u w

v

c1 c2

u w

c3

v

c1 c2

FIG. 8. The Triangle gadget. The diagram shows the steps required to construct the gadget.

Notice that, with a small calculation, the conditions that permit the use of the Fork gadget are imparted onto the
Triangle gadget.
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E. Further Gadget Combinations

In this final subsection, we briefly outline some useful gadget combinations that allow us to reduce the degree
of a vertex and better ‘planarise’ the interaction graph. We do not provide an analysis as the gadgets are either
parallel or series applications of gadgets already discussed and, hence, are efficient constructions. An important
gadget combination involves ‘localising’ a vertex of high degree; this is a way of preparing said vertex for repeated
application of the Triangle gadget. Localising a vertex allows for specific edges to be grouped and the relevant
degree of the vertex in question to be rapidly reduced, i.e., in a parallel swoop. Fig. 9 gives a diagrammatic overview
of this. The vertex type will be discussed later. Looped edges can be subdivided and subsequently forked using the
Triangle gadget. Fig. 10 shows how this works; with a little thought, it is clear which circumstances allow this to
work. Clearly, this also reduces the degree of the vertices in question. Recall that two arbitrary edges cannot be
forked, only specific pairs of edges.

u u

FIG. 9. Localising a high degree vertex of the same type.

u

v

u

v

c1c2

u

v

c1c2
c3

FIG. 10. Forking a loop interaction to decrease the vertex degrees.

The number of edge crossings can also be reduced by subdividing that specific edge, Fig. 11 demonstrates this.
Furthermore, the localisation of a single crossing can be achieved by four subdivision gadget applications. Fig. 12
shows this, and it is clear that an application of the Cross gadget here negates the additional edges between the
system (black circle) qubits.

FIG. 11. Subdividing an edge to reduce the number of edge crossings.

It can be argued that a set of edges between two vertices make up a larger, parent stoquastic Hamiltonian term.
For example, a Hamiltonian term could be made of three ρ-matrix edges — a h00ρ0ρ0 edge, a h33ρ3ρ3 edge and a
h20ρ2ρ0 + h10ρ1ρ0 edge.

We could therefore refer to the leftmost case of Fig. 13 as a parent edge and the rightmost as ρ-matrix edges. The
gadgets must be applied to ρ-matrix edges, and the degree of a vertex is defined in terms of the number of ρ-matrix
edges. The point of the parent edge is to demonstrate that it can always be decomposed into O(1) ρ-matrix edges. A
spatially sparse graph has degree-O(1) vertices when described using parent edges; the ρ-matrix equivalent also has
degree-O(1) vertices. It turns out there are four unique ρ-matrix edges a given parent edge can be decomposed into.
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FIG. 12. Localising a single crossing.

Huv

u v

ρ2uρ
0
v + ρ1uρ

0
v

ρ0uρ
0
v

ρ3uρ
3
v

u v

FIG. 13. An example interaction parent edge decomposed into three ρ-matrix edges.

In the worst-case situation there will be ten ρ-matrix edges that make up a parent edge. The ten possible edges are:

ρ0
uρ

0
v ρ3

uρ
0
v ρ1

uρ
0
v + ρ2

uρ
0
v ρ2

uρ
2
v + ρ1

uρ
1
v

ρ0
uρ

3
v ρ3

uρ
3
v ρ1

uρ
2
v + ρ2

uρ
1
v

ρ0
uρ

1
v + ρ0

uρ
2
v ρ3

uρ
1
v + ρ3

uρ
2
v ρ1

uρ
3
v + ρ2

uρ
3
v

(12)

These are grouped into four classes. For one vertex, in the worst-case, it is possible to reduce the degree to four. It is
clear that the terms in Eq. (12) allow for a minimum of degree-3 in the ideal worst-case situation, but this can result
in a neighbouring worst-case vertex having degree-4. Therefore, the worst-case situation, is a degree-4 vertex for all.

ρ0uρ
0
v

ρ2uρ
0
v + ρ1uρ

0
v

ρ0uρ
0
w

ρ2uρ
0
w + ρ1uρ

0
w

u vw u vw

c5

c6

c1

c2

c3

c4

FIG. 14. An example procedure showing a degree reduction of a vertex.

An example of a dual application of the Fork gadget is shown in Fig. 14. This reduces the degree of vertex u by
two. It turns out that a further Fork gadget could be employed between w, c1 and c2 and also v, c5 and c6. This is
justified since in the original interaction edges, we had ρ0

w and ρ0
v terms. For the example shown, the degree of each

target vertex can be reduced to two.

F. Stoquastic Hamiltonians on Lattice Geometries

Theorem 5. Given a 2-local stoquastic Hamiltonian on a spatially sparse graph, H, there exists a 2-local stoquastic
Hamiltonian on a degree-4 planar graph with a straight-line drawing in the plane that approximates H. �

Proof. The proof of this Theorem is analogous to that of [2, Lemma 2]. Given a 2-local stoquastic Hamiltonian
on a spatially sparse graph, we know that each vertex is degree-O(1) (with respect to parent edges). Decompose
each parent edge into the appropriate ρ-matrix edges, leaving each vertex as degree-O(1). This process can be done
efficiently. We employ the localisation procedure by subdividing each edge. In doing so, we are preparing the vertices’
degrees to be reduced. This can be done in parallel.
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Once the localisation has been done, we can group like-edges, i.e., into four groups. For each group, we apply
the Fork gadget in parallel O(log d) times, which can be done efficiently. This reduces the degree of each group to
ddgroup/2e. Repeating the Triangle process O(1) times allows for each group to be at most degree-1. This leaves
each vertex as degree-4. Up to this point in the process, we have required O(1) reduction steps.
We then proceed to reduce the number of crossings using the Subdivision and Cross gadgets. For c = O(1)

crossings, we require O(log c) repetitions of this procedure. This is done in parallel and can be done efficiently. The
resulting graph is planar with each vertex of degree at most 4 and has a straight-line drawing in the plane. �

Theorem 6. The 2-Local Stoquastic Hamiltonian Problem on a 2D square lattice is StoqMA-complete. �

Proof. A planar graph G = (V, E) with vertices of degree at most 4, all edges being straight-lines of length O(1) and
having Ω(1) angular separation with other edges can be represented on a 2D square lattice, Λ = (V, E). ing the planar
graph in the square lattice such that

1. each vertex u ∈ V(G) is mapped to a lattice site φ(u) ∈ V(Λ) within the boundary
∂Λ = [−O(|V (G)|), O(|V (G)|)]2,

2. each edge {u, v} ∈ E(G) is mapped to a lattice path φ({u, v}) ∈ E(Λ) of length O(1) between φ(u) and φ(v)
without crossing any other lattice path.

The Subdivision gadget can be used to map the edges {u, v} to lattice paths φ({u, v}). We must ensure that the
lattice paths remain close to the original edges they are associated with. For a sufficiently fine grid, the paths will not
cross outside a constant-sized square about each vertex. Fig. 15 demonstrates how a planar graph in this regime can
be embedded into a square lattice. Since the edges are O(1)-length, the Subdivision gadget need only be used O(1)
times per edge to get the lattice path. Therefore, there is an efficient embedding of a 2-local stoquastic Hamiltonian
with a planar interaction graph to a 2-local stoquastic Hamiltonian with a square lattice interaction graph. Since the
perturbation gadgets defined above are used, we can conclude that the low-energy subspaces of each Hamiltonian are
close. �

FIG. 15. A planar graph of degree at most 4 embedded on a 2D square lattice. The grey squares represent small regions where
paths are rerouted to avoid crossing.

Theorem 6 can also be applied to the triangular lattice. The proof is exactly the same and justified since the
vertices in a triangular lattice are degree 6. Hence the following corollary is straightforwardly concluded.
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Corollary 3. The 2-Local Stoquastic Hamiltonian Problem on a 2D triangular lattice is StoqMA-complete. �

Unlike work that considers a variety of lattice geometries [4, 6], the stoquastic Hamiltonians considered here are
restricted to the square and triangular lattices due to the minimum planar graph degree being four. If it were possible
to reduce the degree of a vertex to three, then the Hamiltonian would be StoqMA-complete on a broader range of
geometries. We leave this as an open problem.

Our findings have shown that the complexity of the Local Stoquastic Hamiltonian Problem is retained even when
restricted to lattice geometries such as the square and triangular lattices. We have shown how to construct stoquastic
perturbation gadgets, requiring a constant number of such, to reduce a local stoquastic Hamiltonian on a spatially
sparse lattice to a planar graph where each vertex is of degree at most four. A subsequent efficient embedding of the
planar graph into a square lattice reveals that the Local Stoquastic Hamiltonian Problem remains StoqMA-complete.
In the following section, we discuss a more restrictive class of stoquastic Hamiltonians, namely those constructed from
combinations of Pauli operators. This is a logical step to make as there is a wealth of gadgets already known for
Pauli interactions [4, 5, 9] and therefore, we can study their complexity using such.

VI. STOQUASTIC PAULI HAMILTONIANS

It is natural to try to consider a Pauli decomposition of a stoquastic Hamiltonian in hopes of applying the original
techniques of Ref. [2]. However, it is not hard to see that certain Pauli terms are not stoquastic. This causes a
significant problem when using perturbative gadgets — they must be stoquastic for local stoquastic Hamiltonians.
We can, therefore, ask the question: what kinds of Pauli Hamiltonians are stoquastic? We formally define term-wise
and Pauli-term-wise stoquastic Hamiltonians.

Definition 7. A local Hamiltonian is term-wise stoquastic if each local Hamiltonian term is stoquastic. �

The types of local Hamiltonians we have considered thus far are term-wise stoquastic. It is well-known the Pauli
matrices form a basis for 2 × 2 Hermitian matrices. Given a 2-local stoquastic Hamiltonian term, if we were to
decompose the term into a sum of 2-local Pauli operators, the resulting sub-Hamiltonian terms would not be term-wise
stoquastic in general. For example, consider the following stoquastic term as a sum of Pauli operators, 0 0 −3 0

0 0 0 −1
−3 0 0 0
0 −1 0 0

 = −2XI−XZ.

The term XZ is not stoquastic and can never be made so4. If a stoquastic Hamiltonian can be decomposed into a
sum of stoquastic Pauli terms, then we say the Hamiltonian is Pauli-term-wise stoquastic.

Definition 8. A local Hamiltonian is Pauli-term-wise stoquastic if each local Hamiltonian term is stoquastic and
each term is a single local Pauli interaction. �

The set of allowed single 2-local Pauli terms that leave a Hamiltonian term stoquastic are S2 := {I,−X,Z,
ZZ,−XX}; this idea can be generalised to higher degrees of locality. Of course, the terms comprised of Pauli-X
matrices must have an associated non-negative coefficient. If we slightly alter Definition 8 to allow for a grouped
sum of Pauli operators, then such terms as −(XX + Y Y ) (representing a ‘single’ Pauli term) are stoquastic. We
could now define a grouped Pauli-term-wise stoquastic Hamiltonian in the same way as Definition 8; however, the
scope of possible terms here exceeds that of S2 and so it makes more sense to classify such Hamiltonians according to
Definition 7. Example interaction terms that live in this family include the antiferromagnetic XY -interaction and
Heisenberg interactions, i.e., −(XX + Y Y ) and −(XX + Y Y + ZZ).
Pondering which known 2-local Hamiltonians admit a special case of Definition 8 — the transverse field Ising

model is one such example where it and the antiferromagnetic variant are StoqMA-complete [4, 28]. Taking a closer
look at S2, it bares resemblance with the ZZXX-Hamiltonian presented by Biamonte and Love [9], except there is
now a condition on the XX and X terms. We denote this as the (x−– z/x−– z)-Hamiltonian — the parent 2-local
Pauli-term-wise stoquastic Hamiltonian:

H =
∑

{u,v}∈E(G)

J
(≤0)

uv XuXv + LuvZuZv +
∑

u∈V(G)

f
(≤0)

u Xu + huZu. (13)

4 With respect to the computational basis.
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The coefficients L, h ∈ R and J, f ∈ R+
0 . Up to an overall constant, the parent 2-local stoquastic Pauli interaction

term follows, 
hu + Luv + hv f

(≤0)

v f
(≤0)

u J
(≤0)

uv

f
(≤0)

v hu − Luv − hv J
(≤0)

uv f
(≤0)

u

f
(≤0)

u J
(≤0)

uv −hu − Luv + hv f
(≤0)

v

J
(≤0)

uv f
(≤0)

u f
(≤0)

v −hu + Luv − hv

 .
Clearly, this heavily restricts the types of Hamiltonians we can consider. A general 2-local stoquastic Hamiltonian
term (i.e., over two qubits) will have ten degrees of freedom. A parent Hamiltonian term has only six degrees of
freedom. Not all possible diagonal terms can be created using combinations of L and h. We aim to prove such
Hamiltonians are StoqMA-complete. Notice that the Ising model and transverse field Ising model are special cases of
the parent Hamiltonian.

Theorem 7. The (x−– z/x−– z)-Hamiltonian is StoqMA-complete. �

Proof. The transverse field Ising model is StoqMA-complete [28, Theorem 1]. The set of interactions that make the
transverse field Ising model are subset of the (x−– z/x−– z)-Hamiltonian interaction set; therefore the (x−– z/x−– z)-
Hamiltonian is StoqMA-hard. To show the Hamiltonian is StoqMA we simply conclude that we have a 2-local stoquastic
Hamiltonian and, by definition, is in StoqMA. Thus, the (x−– z/x−– z)-Hamiltonian is StoqMA-complete. �

To consider a geometrical restriction to the (x−– z/x−– z)-Hamiltonian would prove difficult. Firstly, arguments
constructed in prior work [2, 5] fail due to the inability to simulate the 2-local terms like −XX and ZZ using only
those of S2. In the original situation [9], we are able to construct appropriate reductions given that the stoquastic
restriction is not present. Secondly, the gadgets presented above are insufficient as we must use only terms form S2.
We leave this as an open problem but conjecture that it is StoqMA-complete.

There are obvious restrictions to Eq. (13) that are stoquastic. For example, we can consider the following,

H(s) =
∑

{u,v}∈E(G)

J
(≤0)

uv XuXv + Luv(s)ZuZv +
∑

u∈V(G)

f
(≤0)

u Xu + hu(s)Zu, (14)

H =
∑

{u,v}∈E(G)

J
(≤0)

uv XuXv + LuvZuZv,

where L(s) and h(s) are sign-restricted parameters. Additionally, motivated by those Pauli interactions that when
grouped are stoquastic, we can consider the following,

H =
∑

{u,v}∈E(G)

J
(≥0)

uv (−αXuXv + γZuZv) , (15)

H =
∑

{u,v}∈E(G)

J
(≤0)

uv (αXuXv + γZuZv) , (16)

where γ ∈ R and α ∈ R+
0 . Since all examples are stoquastic we can determine that they must lie in StoqMA. The

difficulty, of course, lies with proving hardness. The grouped Pauli stoquastic Hamiltonians of Eq. (15) and Eq. (16)
are of a similar format to those Hamiltonians considered by Cubitt, Piddock and Montonaro [4, 5]. Using their notation
we would say Eq. (15) is the {−αXX + γZZ}+-Hamiltonian and Eq. (16) is the {αXX + γZZ}−-Hamiltonian.

It is likely some of the above Hamiltonians are StoqMA-complete, however, it would not be surprising if an efficient
algorithm could be given to find the ground state. For Eq. (14) when sgn(s) = 1 the Hamiltonian has antiferromagnetic
Z interactions. It is known the antiferromagnetic transverse field Ising model is StoqMA-complete [4]. Notice that
conjugating Eq. (13) by X on all qubits where hu < 0 leaves the sign of the XX, ZZ and X terms unchanged but
flips the sign of the targeted Z terms. So we can assume that hu ≥ 0 for all u ∈ V(G). A similar argument could be
given for the fu terms via Z conjugation on the associated qubits. Therefore, since antiferromagnetic transverse field
Ising interaction can simulate general version [4, Theorem 5], we can conclude that Eq. (14) is StoqMA-complete. The
case where sgn(s) = −1 is more difficult to analyse. It is known the ferromagnetic transverse field Ising model is in
BPP; however, H(−1) includes more terms.

Indeed it is known from Bravyi and Gosset that a variation of the ferromagnetic XY -Hamiltonian has a FPRAS for
the partition function [37, 38]. This result implies that the {−XX + βY Y }+-Hamiltonian lies in BPP for a choice of
β ∈ [−1, 1] [39]. By the global relabelling property, we can similarly deduce that Eq. (15), for a choice of α = 1 and
γ ∈ [−1, 1], is in BPP.
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VII. CONCLUSION

In this work, we have considered the complexity of the Local Stoquastic Hamiltonian Problem on lattice geometries.
While the general 2-local Hamiltonian problem has been shown to be QMA-complete on a square lattice [2], the
complexity of the 2-local stoquastic Hamiltonian on a square lattice had not been established as StoqMA-complete.

We have demonstrated that the problem of determining the ground-state energy of a 2-local stoquastic Hamiltonian
on a square lattice is indeed StoqMA-hard. We achieved this by extending known perturbation gadget techniques to
reduce general 2-local stoquastic Hamiltonians to 2-local ones on a square lattice, analogous to the work by Oliveira
and Terhal [2]. Additionally, we discussed a special case of the adiabatic Hamiltonians proposed by Biamonte and
Love [9] and showed that it is also StoqMA-complete.

Theorem 6. The 2-Local Stoquastic Hamiltonian Problem on a 2D square lattice is StoqMA-complete. �

Future research could explore Hamiltonians that are known to be stoquastic but whose ground-state energy problems
are not yet classified as StoqMA-complete. Examples include the antiferromagnetic Heisenberg Hamiltonian [4] and
the Fermi-Hubbard Hamiltonian on bipartite lattices [6]. Further investigation into less restrictive guiding state
constructions for stoquastic Hamiltonians, beyond the original formulation by Bravyi [40], could also provide valuable
insights. For example, it is known that StoqMA with an ‘easy witness’ (eStoqMA) is equivalent to MA and hence
the resulting problem — the Local Stoquastic Hamiltonian Problem with an Easy Witness Ground State is known
to be MA-complete [26]. Could it be possible to consider the class SStoqMA, where the ‘S’ denotes ‘subset-state
witness’ analogous to the work of Grilo et al. concerning SQMA, and subsequently the complexity of the Guided Local
Stoquastic Hamiltonian Problem5 [29, 41]? If it can be shown that SStoqMA is equivalent to StoqMA, then it might
follow that the Guided Local Stoquastic Hamiltonian Problem is tractable in some sense.

Merlin’s Power. An open problem we briefly discuss concerns understanding the extent of computational power
Merlin provides. Typically, Merlin supplies a witness state |ξ〉 and Arthur, polynomially bounded in resources, prepares
a circuit to verify the input. Remark 1 gives a condensed tuple representation of the components Merlin and Arthur
have for standard StoqMA circuit. By constraining Arthur’s ancillae qubits, we can explore how much computational
assistance Merlin must contribute, impacting the power of the verification process. Different configurations — such
as Merlin supplying fractions of ancilla qubits or even circuit components — highlight how Merlin’s support affects
the verifier’s power. Inspired by this idea, a complexity class Merlin Dependent-Arthur, MDA, could be defined
where Merlin provides resources that Arthur cannot verify directly. This may have implications for communication
complexity and resource-limited quantum verification.
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Appendix A: Parallel Gadget Application

When employing perturbation gadgets, it is important to ensure they do not cross-interfere and create unwanted
interaction terms. For each gadget considered in this work, no construction, to the appropriate order, suffers any
unwanted effects. The fourth-order perturbation terms used to reduce a general 3-local stoquastic Hamiltonian to
a special 3-local one do incur cross-gadget terms, however, such contributions can be ignored in a certain regime
[8, 33]. We do not discuss that here but instead show that the 3-to-2-local perturbation gadgets do not suffer from
cross-gadget terms when applied in parallel. Additionally, the subdivision and geometrical gadgets do not suffer from
cross-gadget terms when applied in parallel. The arguments are essentially universal for all cases and so we start with
the simpler case.

1. Subdivision and Geometrical Gadgets

The subdivision gadget and all geometrical gadgets, Subdivision, Cross and Fork, use the same unperturbed
penalty Hamiltonian. For a series of edges that are acted upon by these perturbation gadgets in parallel, we must
show that there are no cross-gadget terms to second-order. The unperturbed penalty Hamiltonian is given by

H =

p∑
i=1

H(i) =

p∑
i=1

∆i |1〉〈1|ci ,

where ci denotes the i-th mediator qubit c. Clearly, the low-energy space of H is |0p〉 and the high-energy space is
given by states with Hamming weight at least 1. Clearly, Π− = |0p〉〈0p| and Π+ = I−Π−. The perturbation term is

V = Vmain + Vmain,

Vmain =

p∑
i=1

√
∆i V

(i)
main,

Vextra =

p∑
i=1

V
(i)
extra.

We define each V (i)
main to only act non-trivially on the i-th mediator qubits and the relevant edge’s target qubits. Let

V
(i)
extra act only on the relevant system qubits, i.e., not the mediator qubits. The first-order perturbation term shows

V− = (Vextra)− =

p∑
i=1

(
V

(i)
extra

)
−
,

assuming that all first-order projection terms of Vmain are zero. Since Vextra terms only act on system qubits, we can
conclude the cross-projected terms vanish. We must show V−+H

−1V+− produces no cross gadget terms. By definition

V−+H
−1V+− =

∑
i,j,k

(√
∆i V

(i)
main

)
−+

(∆j)
−1 |1〉〈1|cj

(√
∆k V

(k)
main

)
+−

.

We know each V (i)
main acts non-trivially on ci and the relevant edge’s target qubits. Therefore, the low-energy state

|0〉ci can only be excited by a contribution from
(
V

(i)
main

)
+−

. Due to orthogonality

∑
i,j,k

(√
∆i V

(i)
main

)
−+

(∆j)
−1 |1〉〈1|cj

(√
∆k V

(k)
main

)
+−

=
∑
i

(
V

(i)
main

)
−+
|1〉〈1|ci

(
V

(i)
main

)
+−

.

Clearly, there are no cross-gadget terms to second-order.

2. 3-to-2-local Gadgets

When reducing a 3-local stoquastic Hamiltonian to a 2-local one, the specific gadget is used in parallel across all
interaction edges in Ω3. We must show that to second-order there are no cross-gadget terms. This perturbation
technique uses a third-order construction. The first-order and second-order corrections simply create energy shifts.
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The third-order terms are the ones that create the new interaction terms. The unperturbed Hamiltonian acts on a
triple of mediator qubits per interaction edge,

H =

q∑
i=1

H(i) =

q∑
i=1

∆i

(
|001〉〈001|i1,i2,i3 + · · ·+ |110〉〈110|i1,i2,i3

)
.

The low-energy space for a single edge is spanned by |000〉 , |111〉, so Π− =
∏
i Π

(i)
− and Π+ = I−Π−. The perturbation

term is

V = Vmain + Vextra,

Vmain =

q∑
i=1

∆
2/3
i V

(i)
main,

Vextra =

q∑
i=1

V
(i)
extra.

We define each V (i)
main to only act non-trivially on the three i-th mediator qubits and the relevant edge’s target qubits.

Let V (i)
extra act only on the relevant system qubits, i.e., not the mediator qubits. The first-order perturbation term

shows

V− = (Vextra)− =

q∑
i=1

(
V

(i)
extra

)
−
,

assuming that all first-order projection terms of Vmain are zero. Since Vextra terms only act on system qubits we can
conclude the cross projected terms vanish. The term V−+H

−1V+− must produce no cross-gadget terms. The term
V

(i)
main can only affect the three mediator qubits i1, i2 and i3 and the relevant edge’s target qubits. It is therefore not

hard to see

V−+H
−1V+− =

∑
i

∆
1/3
i

(
V

(i)
main

)
−+

(H(i))−1
(
V

(i)
main

)
+−

= KI,

where K =
∑
iKi is a constant. Therefore, there are no cross-gadget terms to second-order. The third-order terms

are where there is potential for cross-gadget terms. The third-order terms are what cause the target interaction terms.
Analogous to the previous subsection, we can show that the third-order terms do not produce cross-gadget terms.
Notice that

V++ =

q∑
i=1

(
V

(i)
main

)
++

,

hence the third-order term is given by

V−+H
−1V++H

−1V+− =
∑
i

(
V

(i)
main

)
−+

(H(i))−1
(
V

(i)
main

)
++

(H(i))−1
(
V

(i)
main

)
+−

.

Using the definition of the V (i)
main terms and isolating to a conjugate pair to simplify the calculation, it is not hard

to see that
(
V

(i)
main

)
++

, (H(i))−1
(
V

(i)
main

)
+−

and
(
V

(i)
main

)
−+

(H(i))−1 each contribute a different operator O to the

product resulting in a term like O1O2O3 |111〉〈000|+O1O2O3 |000〉〈111| = O1O2O3Xc. Therefore, using arguments
similar to those in the previous subsection, we can conclude that there are no cross-gadget terms to third-order.
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Appendix B: Effective Hamiltonian of the stoquastic subdivision gadget

In this appendix, we prove that the stoquastic subdivision gadget produces the desired effective Hamiltonian using
the second-order reduction lemma (Lemma 2). Recalling the setup, we have:

Htarget = K −
M∑
a=1

(
Ca ⊗Da + C†a ⊗D†a

)
,

H = ∆

M∑
a=1

|1〉〈1|a ,

V =
√

∆ Vmain + Vextra,

Vmain = −
M∑
a=1

(
Ca +D†a

)
S+
a +

(
C†a +Da

)
S−a ,

Vextra =

M∑
a=1

(
C†a ⊗ Ca +Da ⊗D†a

)
.

The low- and high-energy subspace can be defined using the Hamming weight of a bit string. Moreover, it is clear
that Π− =

∣∣0M〉〈0M ∣∣ and Π+ = I−Π−, hence the high-energy subspace is spanned by states with Hamming weight
at least 1. The calculation of the effective Hamiltonian is similar to Appendix A 1, thus using Lemma 2 we have that

Heff. =

M∑
a=1

(
C†aCa +DaD

†
a

)
−

−
∑
a,b,c

(√
∆
(
Ca +D†a

)
S+
a +

(
C†a +Da

)
S−a

)
−+

× 1

∆
|1〉〈1|b

(√
∆
(
Cc +D†c

)
S+
c +

(
C†c +Dc

)
S−c

)
+−

.

The key terms to analyse are (S±a )−+ |1〉〈1|b (S±c )+−. Trivially, (S+
a )−+ = 0 and (S−a )+− = 0. It is not hard to show(

S+
a

)
+− =

∣∣0 . . . 010 . . . 0
〉〈

0M
∣∣ , (

S−a
)
−+

=
∣∣0M〉〈0 . . . 010 . . . 0

∣∣ ,
where the 1 is in the a-th position. The only terms that survive in the latter half of the above expression are thus
given by (

S−a
)
−+
|1〉〈1|b

(
S+
c

)
+− = δabδbc

∣∣0M〉〈0M ∣∣ ,
reducing the overall effective Hamiltonian to

Heff. =

M∑
a=1

(
C†aCa +DaD

†
a

) ∣∣0M〉〈0M ∣∣− M∑
a=1

(
Ca +D†a

) (
C†a +Da

) ∣∣0M〉〈0M ∣∣ ,
Heff. = −

M∑
a=1

(
CaDa +D†aC

†
a

) ∣∣0M〉〈0M ∣∣ .
This concludes the proof.

Appendix C: Composition law of perturbation gadgets

Definition 6 and Lemma 1 can be combined in a certain way to bound the error incurred from a composition of
simulations. Moreover, imagine the following chain of simulations: H1 is an (η1, ε1) simulator of H and H2 is an
(η2, ε2) simulator of H1. It is not hard to see that H2 is an (η, ε) simulator of H. But specifically, what the values of
η and ε are is not immediately clear. Let ∆j represent the spectral gap of Hamiltonian Hj . It is known that these
values can be bounded as [28]:

η = η1 + η2 +O(
ε2
∆1

),

ε = ε1 + ε2 +O(
ε2‖H‖

∆1
).
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Hence, H2 is an (η, ε) simulator of H. This is a general result that can be applied to any number of simulations. In a
general setting where we consider the composition of a constant number of simulations C = O(1), i.e., H1 is a (η1, ε1)
simulator of H and H2 is a (η2, ε2) simulator of H1 and so on. Then we have that

ε =

C−1∑
j=1

εj ≤
ε

2
+O(ε) max

j

‖Hj+1‖
∆j

,

after choosing εj ≤ ε
2C . A similar expression can be given for the η-error, but we do not present it here. The spectral

gaps can be appropriately chosen to ensure that the error is bounded by ε. Therefore, the composition of simulations
is valid when a constant number of simulations are considered. If a polynomial number of simulations is considered,
then each error term must be chosen to be appropriately small. A parallel application of perturbation gadgets has an
error upper bound by the maximum error of the individual gadgets. A series application requires the composition law
to be applied.

Appendix D: Toffoli gate manipulation

Here we discuss the manipulation of a Toffoli gate to nearest-neighbour gates. Within the StoqMA circuits, the
Toffoli gates might be long-range and hence a subsequent transition to a spatially sparse graph seemingly requires
nearest-neighbour gates. By using a Swap network, it is possible to achieve this property. Note that Swap gates are
allowed in StoqMA circuits since they are just three Cnot gates.

Proposition 1. Let Toffolir[a, b; c] be a Toffoli gate with range r > 2. Toffolir[a, b; c] can be exactly expressed
using Θ(r) nearest-neighbour Cnot gates and a single nearest-neighbour Toffoli3[b− 1, b; b+ 1]. �

Proof. Without loss of generality, assume qubit registers a < b < c and define the length r := c− a. We use a Swap
network to move qubits a and c to positions b− 1 and b+ 1, respectively, while keeping qubit b fixed. This requires r
Swap gates, each decomposable into 3 Cnot gates, totalling Θ(r) Cnot gates. A local Toffoli gate is then applied,
followed by reversing the Swap network, adding another Θ(r) Cnot gates. Therefore, the total number of Cnot
gates is Θ(r). �

Corollary 1. Given any long-range StoqMA(α, β) circuit with T gates on M qubits, there exists a nearest-neighbour
StoqMA(α, β) circuit with Θ(T ·M) gates on M qubits. �

Proof. Consider a long-range StoqMA circuit with gates that act on qubits with a maximum separation of M . Using
the Swap network approach from Proposition 1, each long-range gate can be transformed using Θ(M) local Cnot
gates. Since each gate in the worst case requires Θ(M) Swap gates and each Swap gate is composed of 3 Cnot
gates, the overall transformation requires Θ(M) Cnot gates per long-range gate. Thus, the entire circuit can be
transformed incurring a Θ(M) increase in the number of gates. �

=

FIG. 16. Long-range Toffoli gate decomposed to nearest-neighbour gates via a swap network.
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Appendix E: Statistics of circuit mappings

The circuit mappings considered in this work first take general StoqMA circuits to ones comprised of only nearest
neighbour gates. This requires a number of Swap gates to reduce the range of the gates. The process of doing so
trivially increases the number of gates in the circuit but also retains the original circuit statistics. This is an artefact
of the circuit mapping — they are equivalent circuits. The second mapping is from the nearest neighbour circuit to
one that is spatially sparse. This entails an increase in the number of gates and also the number of ancilla qubits
required. Since we are still dealing with StoqMA circuits, we know the size of the ancillae registers is characterised
by the size of the input x. Moreover, we let n = |x|, the proof state be of size w = poly (n) and also have m and p
many |0〉 and |+〉 ancillae respectively. The size of m and p are also bounded by some polynomial in n. This means
the circuit space is still polynomial in size. The number of gates in a circuit is, of course, also bounded by some
polynomial in n in order for the verification to be efficient. Assuming we have some m and p ancillae, it is acceptable
to increase both m and p either by a polynomial factor or just to some new polynomial and leave the class definition
intact. The additional ancillae we might want to add need not be acted on by any of the gates in the circuit. While
this would be practically inefficient6, it is still a valid StoqMA circuit.
In addition to w, m, p and L being polynomially bounded by n, the completeness and soundness statistics, α

and β are functions of n. What this tells us is that certain circuit modifications will not change the fundamental
requirements of the circuit. If a circuit modification requires a larger input register, then these quantities would be
functions of the new input size. However, the circuit mappings we consider do not change the input size. The only
thing that changes is the number of gates and the number of ancillae. While this, in general, is not a guarantee that
the statistics will be preserved, we will show that the statistics are indeed preserved.

Consider this simple circuit comprised of gates R1, R2 and R3, which are classically reversible gates. Let’s denote
U = R3R2R1. Our input state is |x, ξ, 0,+〉. Let us also say that

R1 |x, ξ, 0,+〉 =
∑

x1,x2,x3,x4∈{0,1}

cx |x1, x2, x3, x4〉 =: |ψ1〉 ,

R2R1 |x, ξ, 0,+〉 =
∑

y1,y2,y3,y4∈{0,1}

cy |y1, y2, y3, y4〉 =: R2 |ψ1〉 = |ψ2〉 ,

R3R2R1 |x, ξ, 0,+〉 =
∑

z1,z2,z3,z4∈{0,1}

cy |z1, z2, z3, z4〉 =: R2 |ψ2〉 = |ψ3〉 .

The circuit we consider is shown in Appendix E. This circuit has a completeness and soundness characterised by
the size of the input state |x〉.

Completeness: ∃ |ξ〉 s.t. PrC(1) := 〈x, ξ, 0,+|U†Π+
0 U |x, ξ, 0,+〉 ≥ α(n),

Soundness: ∀ |ξ〉 s.t. PrS(1) := 〈x, ξ, 0,+|U†Π+
0 U |x, ξ, 0,+〉 ≤ β(n).

+|x〉
R1

|ξ〉

R2|0〉
R3

|+〉

Let us define a new circuit that is a modification of the one above.
The point of this circuit is to make it so that each qubit is only acted on by a constant number of gates. We can

define V = R3 S4↔11R2 S0↔7R1, where S0↔7 and S4↔11 are the Swap gate networks sandwiched between the R

6 Inefficient here refers to the act of creating the necessary circuit, not the time execution of the circuit.
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+

|x, ξ, 0,+〉

R1

|0〉
R2

|0〉

R3

gates. Our input is now a state |x, ξ, 0,+〉 |0000〉 |0000〉. Let’s consider the action of V on this state.

R1 |x, ξ, 0,+〉 |0000〉 |0000〉 = |ψ1〉 |0000〉 |0000〉 ,
S3,7 S2,6 S1,5 S0,4 |ψ1〉 |0000〉 |0000〉 , = |0000〉 |ψ1〉 |0000〉 ,

R2 |0000〉 |ψ1〉 |0000〉 = |0000〉 |ψ2〉 |0000〉 ,
S7,11 S6,10 S5,9 S4,8 |0000〉 |ψ2〉 |0000〉 = |0000〉 |0000〉 |ψ2〉 ,

R3 |0000〉 |0000〉 |ψ2〉 = |0000〉 |0000〉 |ψ3〉 .

The output statistics are characterised by

Pr(1) := 〈x, ξ, 0,+| 〈0000| 〈0000|V †Π+
8 V |x, ξ, 0,+〉 |0000〉 |0000〉 = 〈0000|0000〉 〈0000|0000〉 〈ψ3|Π+

8 |ψ3〉 .

Note that by 〈0000|0000〉 〈0000|0000〉 〈ψ3|Π+
8 |ψ3〉 we specifically mean

〈0000|0000〉0,1,2,3 〈0000|0000〉4,5,6,7 〈ψ3|8,9,10,11 Π+
8 |ψ3〉8,9,10,11. Let’s compare this with the statistics of the first

circuit,

〈x, ξ, 0,+|0,1,2,3 U
†Π+

0 U |x, ξ, 0,+〉0,1,2,3 = 〈ψ3|0,1,2,3 Π+
0 |ψ3〉0,1,2,3 .

Clearly then, 〈ψ3|0,1,2,3 Π+
0 |ψ3〉0,1,2,3 and 〈ψ3|8,9,10,11 Π+

8 |ψ3〉8,9,10,11 are equivalent. Hence we conclude the statistics
are preserved. Moreover, in the case where U accepts, V also accepts with the same probability. This idea will
generalise and hold when we add more gates and registers. The important point is that the Swap network we do
between each gate of the original circuit effectively transports the bulk of the input to the next array of registers,
leaving behind a trail of |0〉 ancillae.
We address one final and important point — why can we do this? Well, on Arhur’s “controllable” side of the

StoqMA circuit, as mentioned above already, it is possible to increase the number of 0-ancillae and +-ancillae by
a polynomial amount, i.e., m 7→ m′ = m + poly (n) and p 7→ p′ = p + poly (n). The completeness and soundness
are functions of n, not m and p. Furthermore, the circuit mapping we have considered is exact. Row one of the
construction takes in the input x, the proof ξ and a fraction of the ancillae. The remaining rows are initialised as
0-ancillae. This fits the definition of the class as per Remark 1. The consequence is that Merlin cannot cheat any
more than before. Hence, the statistics are preserved.
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